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Abstract. We introduce and study a non uniform hyperbolicity condition 
for complex rational maps, that does not involve a growth condition. We 
call this condition Backward Contraction. We show this condition is weaker 
than the Collet-Eckmann condition, and than the summability condition with 
exponent 1. 

Our main result is a connecting lemma for Backward Contracting rational 
maps, roughly saying that we can perturb a rational map to connect each 
critical orbit in the Julia set with an orbit that does not accumulate on critical 
points. The proof of this result is based on Thurston's algorithm and some 
rigidity properties of quasi-conformal maps. We also prove that the Lebesgue 
measure of the Julia set of a Backward Contracting rational map is zero, when 
it is not the whole Riemann sphere. The basic tool of this article are sets having 
a Markov property for backward iterates, that are holomorphic analogues of 
nice intervals in real one-dimensional dynamics. 
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1. Introduction. 

We consider rational maps R : C — > C of degree at least 2, viewed as dynamical 
systems. We introduce and study a non uniform hyperbolicity condition that we 
call "Backward Contraction" . This condition is defined in til. II and in H1.2l we relate 
this condition with some well known conditions of non uniform hyperbolicity, such 
as the Collet-Eckmann and summability conditions. Our main results are stated 
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in S t)1.3| 11.41 After some notes in HI. 51 we describe the organization of this article 
in EH 

1.1. Backward Contraction. Let R be a rational map of degree at least 2. We 
denote by Crit(i?) the set of critical points of R and by CV(i?) = i?,(Crit(i?)) the 
set of its critical values. We denote by J(R) the Julia set of 7?; see |CGI IMil| for 
background in holomorphic dynamics. For c 6 Crit(i?) PI J(R) and 6 > we denote 
by B(c,8) the connected component of R^ 1 (B(R(c),5)) that contains c. 

Given S' > S > we will say that R is (6,5')- Backward Contracting, if for every 
c G Crit(i?) fl J(R), every integer n > 1 and every connected component W of 
R- n (B(c,5')), we have that 

dist(W, CV(R)) < 5 implies diam(W) < <5. 

Given a constant r > 1 we will say that R is Backward Contracting with constant r, 
if for every 5 > sufficiently small R is (<5,r(5)-Backward Contracting. Our main 
results are for rational maps that are Backward Contracting with some constant 
only depending on the rational map. 

To better compare the Backward Contraction condition with other conditions 
of non-uniform hyperbolicity, we make the following definition. Given <5o > 
and a function r : (0, Sq) — > (l,+oo), we will say that R is Backward Contracting 
with function r, if for every 5 6 (0,<5o) the rational map R is (<5,(5r((5))-Backward 
Contracting. 

1.2. Collet-Eckmann and summability conditions. Let R be a rational map 
of degree at least 2. We say that a critical value v of R is exposed if its forward 
orbit does not contain critical points. 

We say that R satisfies the Collet-Eckmann condition if for every exposed critical 
value v in J(R), the derivatives \(R n )'(v)\ grow exponentially with n. The Collet- 
Eckmann condition was introduced in |CE| . in the context of unimodal maps. It 
has been extensively studied for complex rational maps, see jPrll IPr2l IGSmll ISml 
IGSwl IP RSI |Asp| IPRj and references therein. 

On the other hand, we say that R satisfies the summability condition with exponent 
(3 > 0, if for every exposed critical value v of R in J(R), we have 

n>0 

The summability condition was introduced in |NS| . in the context of unimodal 
maps. In the complex setting it has been studied in |Pr2l IOSm2l IPUI IBS) . See 
also [ATllD lMakj . 

In the literature the Collet-Eckmann and summability conditions impose the non 
existence of parabolic cycles (see however jPUp . We do not impose this restriction 
here. 

Theorem A. For a rational map R of degree at least 2, the following properties 
hold. 

1. If R satisfies the summability condition with exponent 1, then for every 
r > 1 the rational map R is Backward Contracting with constant r. 
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2. If R satisfies the summability condition with exponent (3 £ (0, 1), then there 
is So > and a function r : (0, Sq) — > (1, +oo) satisfying, 



such that R is Backward Contracting with function r. 

3. If R satisfies the Collet- Eckmann condition, then there are a 6 (0, 1], C > 
and So > such that R is Backward Contracting with function r : (0, Sq) — > 
(1, +oo), defined by r(S) := CS~ a . 

4. If the closure of the forward orbit of each critical value of R in J(R) contains 
no critical point, then there is a constant C > such that R is Backward 
Contracting with function r : (0, Sq) — > (1, +oo), defined by r(S) :— CS^ 1 . 

In [RS it is shown that if P is a real polynomial having only real critical points 
and such that for every exposed critical value v of P in J(P) we have \(P n )'(v)\ — > 
+oo as n — > oo, then for every r > 1 the polynomial P is Backward Contracting 
with constant r. 

A rational map satisfying the "Topological Collet-Eckmann condition" is not in 
general Backward Contracting. However, it is shown in [PRj that these rational 
maps satisfy a strong form of the Backward Contraction property. 

1.3. A connecting lemma. Given a rational map R of degree at least 2 we will 
denote by Crit'(i?) the set of those critical points of R in J(R), whose image by R 
is an exposed critical value. 

The following is the main result of this article. 

Connecting Lemma. Let R be a rational map of degree at least 2 and such that 
J{R) 7^ C. Then there is a constant r > 1 only depending on R, such that if R is 
Backward Contracting with constant r, then for every sufficiently small S > the 
following property holds. 

For each c € Crit'(R) let v c E C be such that dist(i? c , R(c)) < 8 and such that for 
every n > 1 we have R n (v c ) B(Crit' (R), 25). Let £ : C — > C be a quasi- conformal 
homeomorphism that coincides with the identity outside B(Cru(R),S) and such 
that for every c S Crit'(R) we have ^(R(c)) = v c . Then there is a continuous map 
h : C — > C and a rational map Q of the same degree as R, such that the map 
R := £ o R : (£ — >C satisfies, 



Moreover h is close to the identity and Q is close to R, as 6 is close to 0. 

We state a strengthened version of this result as Theorem[D]in i )7.1l We show in 
particular that there are many choices for the points v c , so that this result is non 
vacuous. 

To prove this result we show that Thurston's algorithm converges in a very 
specific situation. We recall this algorithm in H5.ll see also |DH2I IHS| . In the 
proof we use a rigidity property that was originally used by J.C. Yoccoz in his 
(unpublished) proof that the Mandelbrot is locally connect ed at non renormalizable 
parameters. Similar results have also been used in 

[SI E ESI EH 




h o R = Q o h on C. 



1.4. Expansion and Lebesgue measure of Julia sets. Let R be a rational 
map of degree at least 2. We show that there is a constant r > 1 only depending 
on R, such that if R is Backward Contracting with constant r, then R has no Siegel 
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disks nor Herman rings. If moreover J(R) ^ C, then we show that R cannot have 
Cremer cycles, see Corollary 18.31 

Moreover we prove the following result about Lebesgue measure of Julia sets. 
See the survey article [U] for related results. 

Theorem B. Let R be a rational map of degree at least 2. Then there is a constant 
r > 1 only depending on R, such that if R is Backward Contracting with constant v, 
then the following properties hold. 

1. If J{R) 7^ C, then J(R) has zero Lebesgue measure. 

2. // J(R) = C then there is a set of full Lebesgue measure of points in C 
whose forward orbit accumulates on a critical point of R. 

In [H] it is also shown that, if R is a polynomial rational map as in the theorem, 
then every connected component of the Julia set of R is locally connected. 

1.5. Notes and references. This article is part of R , in revised form. A rational 
map satisfies the Decay of Geometry condition in the sense of 0, if for every r > 1 
it is Backward Contracting with constant r. 

The proof of Theorem^is based on a technique to control distortion along back- 
ward trajectories, called shrinking neighborhoods, that was introduced by F. Przy- 
tycki in |Prl| . 

The converse of part 4 of Theorem 1X1 is easily seen to hold. 

The proof of the results stated in til .41 are based on a strengthened version of 
the Connecting Lemma, that we state as Theorem iDl in fl7.ll This result is only 
used to prove some expansion properties of forward orbits that do not accumulate 
on critical points, see U8.ll It would be very desirable to have a more direct proof 
of these facts. Furthermore, is not clear to me if a rational map that is Backward 
Contracting with constant r, for every r > 1, can have a Cremer periodic point. 

1.6. Organization. We briefly describe the organization of this article. 

After some preliminaries in fJ21 we introduce "nice sets" and "nice nests" in Sj^l 
These concepts are basic for the rest of this article. Nice sets are holomorphic 
analogues of "nice intervals" in real one dimensional dynamics. 

In §21 [5] we give a sufficient condition under which Thurston's algorithm con- 
verges in a very specific situation. 

In ^ we give an equivalent formulation of the Backward Contraction condition 
and we show how to construct nice sets and nests for rational maps satisfying this 
condition. 

In [J7| we state and prove a strengthened version of the Connecting Lemma. 
The proof is based on some key area estimates and on the results on Thurston's 
algorithm. In iJHlwc derive some consequences of these results, and in particular we 
prove Theorem IbI 

Appendix ^] contains the proof of Theorem [X] and in Appendix [B] we collect 
some basic facts about quasi-conformal maps. 

1.7. Acknowledgments. I am grateful to J.C. Yoccoz for stimulating conversa- 
tions, various suggestions and for the careful reading of an early version of this 
paper. I am also grateful to J. Kiwi for sharing insights and for useful conversa- 
tions, suggestions and comments. I would like to express my gratitude to P. Roesh, 
for useful conversations and comments, and to Universite de Lille 1. Finally, I 
would like to thank to W. Shen for a very useful comment. 
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Figure H was done with one of C. McMullen's programs. 

2. Preliminaries. 

For 2 numbers A and B, A ~ B and A = O(B) means C^B < A < CB and 
A < CB for some implicit constant C > 0, respectively. 

We endow the Ricmann sphere C with the spherical metric. Distances, diameters, 
balls and derivatives are all taken with respect to the spherical metric. For z G C 
and S > we denote by B(z, S) the open ball centered at z and of radius S. 

2.1. Critical points. Given a rational map R, we denote by Crit(i?) C C the set 
of its critical points and by CV(-R) = i?(Crit(i?)) the set of its critical values. When 
there is no danger of confusion we denote Crit(i?) and CV(-R) just by Crit and CV, 
respectively. For a critical point c G Crit (ii) we denote by [i c the local degree of R 
at c and put /i max := max{/i c | c 6 Crit(i?) n J(R)}. 

To treat the case when a critical point in J(R) is mapped to another critical 
point by some iterate of R, we consider a block ci, . . . , Ck of critical points, such 
that Cj mapped to Cj+i by some iterate of R and maximal with these properties, 
as a single critical point of multiplicity fj, Cl ■ ... ■ fj, Ck . For example the critical value 
of this sequence means R(ck). With this convention we assume that no critical 
point in J(R) is eventually mapped into some other critical point. In particular we 
assume that CV(i?) fl J(R) is disjoint from Crit(-R). 

Recall that for a critical point c G J(R) and 6 > small, the set B(c, S) is the 
connected component of R~ 1 (B(R(c), 5)) that contains c. Thus 

R(B(c,S)) =B(R(c),5) and diam(B(e, 5)) ~ 8^. 

2.2. Pull-backs. Given a subset V of C and a non negative integer n, each con- 
nected component of R~ n (V) is called a pull-back ofV by R n . Note that here V is 
not assumed to be connected. Moreover a subset W of C is called a pull-back of V 
if there is a non negative integer n such that W is a pull-back of V by R n . 

It is easy to see that for every rational map R that is Backward Contracting with 
some constant r > 1, the set CV(R) is disjoint from the parabolic periodic points 
of R. Hence, by the Fatou-Sullivan classification of connected components of the 
Fatou set |CGllMil| . there is a neighborhood of CV(i?) fl J(R) that is disjoint from 
the forward orbits of critical points not in J(R). We will implicitly assume that 
all neighborhoods of points in CV(R) fl J(R) or Crit(i?) fl J(R) that we consider, 
are sufficiently small to be disjoint from the forward orbits of critical points not 
in J(R). 

2.3. Distortion. The following is a version of Koebe Distortion Theorem in C, 
endowed with the spherical metric. It can be easily deduced from the usual Koebe 
Distortion Theorem, see for example |Po| . 

Koebe Distortion Theorem. For each e G (0, s] there is a constant D > 1 such 
that the following property holds. For every r G (0, diam(C)), every zq G C and 
every conformal map if : B(zq, r) — > C such that 

dia,m(C\(p{B{zQ,r))) > idiam(C), 

the distortion of tp on B(zo,er) is bounded by D. Moreover D = 1 + 0(e). 
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We will use this result in the following situation. From now on, given a rational 
map R of degree at least 2 we fix a coordinate on C for which diam(J(i?)) > 
i diam(C) , so that the hypothesis of the lemma below is satisfied. So, if r k > is as 
in the lemma below, then for every r £ (0, rx), every zq £ C, every positive integer 
n and every pull-back W of B(z ,r) by R n , we have diam(C \ W) > \ diam(C). 
Therefore, if R n is univalent on W , then we can apply Koebe Distortion Theorem 
to tp = R n \w 1 :B(z ,r) - W. 

Lemma 2.1. Let R be a rational map of degree at least 2 such that diam( J(R)) > 
idiam(C). Then there is £ (0,diam(C)) such that for every r £ (0,r^) ; every 
zq £ C and every pull-back W of B(z$,r) by R, we have 

diam(C\ W) > |diam(C). 

Proof. As the repelling periodic points of R are dense in J(R) |CG!1 IMiJ] , we can 
find disjoint forward invariant sets O and O', consisting of finitely many periodic 
points of R and such that 

(1) diam(0),diam(£>') > ±diam(C). 

Let Tk > be less than the distance between O and O' . Then for every r £ (0, tk) 
and zq £ C, the ball B(zo,r) is disjoint from either O or O' . As O and O' are 
forward invariant by R, it follows that every pull-back W of B(zq, r) by R is disjoint 
from either O or O' . Then the assertion of the lemma follows from . □ 

3. Nice sets and nests. 

In this section we introduce "nice sets" and "nice nests", in *13.2l and ij3.3l resr>ec- 
tively. We first consider some preliminary remarks in H3.ll We end this section by 
describing a general way to construct nice sets and nests in H3.4I 

We fix throughout all this section a rational map R of degree at least 2. 

3.1. Maximal invariant sets. We will assume that there is at least one critical 
point of R in J(R). 

Definition 3.1. Let V be a neighborhood of Crit(i?) n J{R) such that every con- 
nected component of V contains exactly one critical point in J(R). Then we define, 

K(V) {z £ C for every integer j > we have R 3 {z) g" V}. 

Let V be as in the definition. Then the set K(V) is compact, forward invariant 
by R and disjoint from V. On the other hand, Montel's Theorem implies that the 
interior of K(V) is contained in C \ J(R); see |CGI IMifj . If V is a neighborhood 
of Crit(i?) n J(R) such that each connected component contains a unique clement 
of Crit(i?) n J(R), then V <zV implies^ (V) C K(V). 

If W is a connected component of C \ K(V) not intersecting Crit(i?) n J(R), 
then R(W) is also a connected component of C \ K (V) and the map R : W — > 
R(W) proper. When V is disjoint from the forward orbits of critical points not in 
Crit(i?) fl J(R), it follows that W can only contain critical points of R in J(R). 
Therefore, for each connected component W of C\K(V) there is an integer mw > 
and c(W) £ Crit(i?) fl J(R) so that R mw maps W biholomorphically onto the 
connected component of C \ K(V) containing c(W). 
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3.2. Nice sets. 

Definition 3.2. For c G Crit(i?) n J{R) consider a simply-connected neighbor- 
hood V c of c, disjoint form the forward orbits of critical points not in J(R). 
Moreover suppose that the closures of the sets V c are pairwise disjoint and put 

V := U ce c r it(fl)n./(fl.)^ c - Then we say that V is a nice set for R if for every integer 
n > 1 and every connected component W of R~ n (V), we have either 

Wnv = 9 or W C V. 

By definition of nice sets, each pull-back of a nice V of R is disjoint form the 
critical points of R not in J(R). Note moreover that for distinct pull-backs W and 
W' of a nice set V of R, we have either 

W n W 7 = 0, W c W' or W 7 c W. 

M. Martens introduced the concept of nice interval in [Mar] . in the context of 
interval maps. An interval is said to be nice if the forward orbit of every point in 
its boundary is disjoint from the interval itself. The following lemma shows that 
nice sets satisfy an analogous property. 

Lemma 3.3. Let V = U ce crit(R)n.J(R)V c be a nice set of R. Then for every point 
z G dV and every integer n > 1 we have R n (z) V. So we have the following 
properties. 

1. For each critical point c G Crit(R) D J{R), the set V c is equal to the con- 
nected component of C\K(V) that contains c. In particular dV c C K(V). 

2. For every connected component W of <C\K(V) there is an integer m\v > 
and a critical point c(W) G Crit(R) fl J{R) such that 

R mw . W _^ yc(W) 

is a biholomorphism. In particular W is simply- connected and therefore 
K(V) is connected. 

Proof. Suppose by contradiction that for some z G dV, n > 1 and c G Crit(i?) n 
J(R) we have R n (z) G W. Then the pull-back W of V c by R n to z is such that 
z G W n dV. Thus W DV i=% and W <£ V, which contradicts the hypothesis that 

V is a nice set. 

As remarked above, if W is a connected component of C \ K(V) different from 
V c , for each c G Crit(i?) fl J(R), then R(W) is also a connected component of 
C \ K(V) and the map R : W -> R(W) is proper. It follows that R : W -» 
R(W) is a biholomorphism. The rest of the assertions are easily deduced from this 
property. □ 

3.3. Nice nests. Given a positive integer I we will say that a sequence (Vb, ■ ■ ■ , V£) 
of nice sets is a n/ce nest for R, if C 14-1; • • • > Vi C Vb and if for every j G 
{0, . . . , 1} and every pull-back W of Vb by R, we have either 

(2) WnVj = or F C Vj. 

When £ — 1 (resp. £ — 2), the sequence (Vo,V"i) (resp. (Vb,Vi,V2)) is also called 
nice couple (resp. nice triple) for R. 

If £ is a positive integer and (Vb, . . . , Vi) is a nice nest for R, then for every 
j, k G {0, .. .,£} and every pull-back W of V& we have (J2J). On the other hand, 
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if V is a nice set such that V C Vt and such that (Vq ,V) is a nice couple, then 
(Vb, . . . , Vt, V) is a nice nest. 

Let £ be a non negative integer and let Vq be a nice set if £ = 0, and let (Vb, . . . , Vi) 
be a nice nest if £ > 1. Given m > 0, we will say that (Vb, . . . , Vt) is m-separated 
if there is a nice set V containing Vb such that, 

min mod(V c \ V n c ) > m, 
ceCrit(i?,)nJ(fl) 

and such that the sequence (V", V , . . . , Vg) is a nice nest. Suppose that (Vb, . . . , Vt) is 
m-separated. Let j € {0, . . . , £}, let W be a connected component of C\i? _1 (if (V})) 
disjoint from Ve and let Wo be the pull-back of Vb by R mw containing W. Then 
R mw is univalent on Wo and there is a constant D(m) > 1 only depending on m 
such that the distortion of R mw on Wo is bounded by D(m). We have D(m) —> 1 



3.4. A way to construct nice sets and nests. The following lemma will be 
used in ^16.31 to produce nice sets and nests. 

Lemma 3.4. Let Vq be a neighborhood of Crit(R)(~]J(R) in C so that each connected 
component o/Vq contains precisely one element of Crit(R) n J(R). Let £ be an non 
negative integer and for each c G Crit(R) n J(R) let Vq, . . . , V[ be simply- connected 
neighborhoods of c in such a way that 

and that V C is disjoint from the forward orbits of critical points not in J(R). If for 
every j = 0, . . . ,£ we have R(dV?) C K(Vq), then each of the sets 

Vj := ^c£Crit(R)r\J(R)Vj 

is a nice set and when £ > 1 the sequence (Vb, . . . , Vt) is a nice nest. 

Proof. Fix j 6 {0,...,^}. Given c G Crit^n J(R) let W = V c ,Wi,... be 
successive pull-backs by R and for n > 1 let W n be the connected component of 
C\K(V ) that contains W n . Since 9V} C E _1 (i^(Vb)) it follows that for each n > 1 
we have either W n C V^ or W n (~l V, ■ = 0. So to prove the lemma it is enough to 
prove that for each n > we have IV„ C W n . 

We proceed by induction. For n = just note that Vb is contained in Vb by 
hypothesis, so Wo C Wo- Suppose by induction hypothesis that for some integer 
n > 1 we have W„ C W„. If W„ does not intersect Crit(-R) H J(-R) then the map 
i? : W„ — ► W„_i is proper, so we have W„ C W n in this case by the induction hy- 
pothesis. If W n intersects Crit(i?) n J(R) then let W' n be the connected component 
of -R _1 (W„-i) that contains W n , so that W' n C W n . By the induction hypothesis, 
we have W n C W' n C W n . This completes the induction step and ends the proof of 
the lemma. □ 



4. Rigidity. 



After some general definitions and facts in S M4.11 14.21 we state the main result 
of this section in A4.3I The proof of this result in U4.4I 
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4.1. Rigid pairs. Let U be an open and connected subset of C whose complement 
contains at least 3 points, and let E be a measurable subset of U. Given a constant 
K > 1 we will say that the pair (U, E) is K-rigid if there is a constant C > such 
that for every qc homeomorphism %:[/—> x{U) C C that is conformal Lebsgue 
a.e. on E there is a K-qc homeomorphism £ : U — > x(U) whose distance to \ is a t 
most C. We will also say that the pair (U, E) is K-rigid with constant C. Here the 
distance is taken with respect to the hyperbolic metric of x{U). We will say that 
a pair (U, E) is rigid if there is K > 1 for which it is if -rigid. Note that if the pair 
(U, E) is if -rigid and if (p : U — > C is a biholomorphism onto its image, then the 
pair (ip(U) , (p(E)) is if-rigid with the same constant. 

Remark 4.1. The property that the hyperbolic distance between x an d X is finite, 
implies that x extends continuously to the closure of U if and only if \ does. In 
this case the extensions of x an d X coincide on the boundary of U. This property 
will be important to apply the Gluing Lemma (see Appendix iBl ) 

4.2. Rigid nice couples. Fix a rational map R of degree at least 2. Then we will 
say that a nice couple (V, V) for R is K-rigid with constant C (resp. K-rigid, rigid) 
if for every c G Crit(i?) n J(R) the pair (V c , V c n K(V)) is. 

Proposition 4.2. Let i > 1 be an integer and let (Vq, . . . , Vi) be a nice nest. Let 
K > 1 and C > be given and suppose that there are j, k G {0, ...,£} such that 
j < k and such that the nice couple (Vk,Vj) is K-rigid with constant C. Then for 
each j' G {0, . . . , j} the following property holds. 

1. For every k' G {fc, ...,£} the nice couple (Vk>,Vji) is K-rigid with con- 
stant C. 

2. For every k' G {Q, ...,£} such that k' > j' and every c G Crit(R) R J(R) 
the pair (V§ \Vp, V§ nK(Vji)) is K-rigid with constant C. Moreover there 
is a constant K' > 1 only depending on 

m = min mod(V,S \ V c ,) 

c£Crit(R)nJ(R) 

and a constant C > onZj/ depending on K and m, smc/i i/iai the nice 
couple (Vk>, Vji) is KK' -rigid with constant C + C . 

The proof of this proposition is below. It depends on the following lemmas. 

Lemma 4.3. Given r G (0, 1) there is K'{r) > 1 such that for every homeo- 
morphism x ■ ID) - * D tftaf conformal on {r < \z\ < 1}, there is a K'(r)-qc 
homeomorphism x '■ D — > D t/iat coincides with x on {r? < \z\ < 1}. Moreover 
K'(r) — > 1 w/ien r — > 0. 

Proof. Put /i = — In r and 

£ : {z £ C | Sz < ft} -» E)\{0} 

z i — ^ r 2 exp(— 27riz). 

Note that E is a 1-periodic universal covering map and that E(M) = {\z\ = r^} . 
On the other hand, let E : {Qz < 0} — > x({| z l < r5 }) be a 1-periodic universal 
covering map and let x '■ < 0} — > {Qz < 0} be a lift of xlr 0< i |< ^j- Since x is 
conformal on {r < \z\ < 1}, it follows that x is conformal on {—h < 3z < 0}. By 
Schwarz reflexion principle it follows that x extends to a homeomorphism defined 
on {Qz < h}, that is conformal on {\^sz\ < h}. 
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Denote by / : K — » K the restriction of x to M, which is a 1-periodic diffeomor- 
phism. As / has a conformal extension to {\^Sz\ < h}, it follows by Koebe Distortion 
Theorem that there is a constant K'(r) > 1, only depending on r = exp(— inh), 
such that 

supmaxi/'^)^/'^))- 1 } <K'(r). 

Moreover K'(r) — > 1 as r — > 0. 

Let xo : {Sz < h} — > < /i}) be the homeomorphism that coincides with 

X on {0 < 3z < /i} and such that Xa(x + = f( x ) + for i £ R and y < 0. 
Is easy to see that xo is of class C 1 on {3z < 0} and that the dilatation of xo a t 
x + iy, for y < 0, is equal to max{/'(x), {f'(x))^ 1 } < K'(r). 

As xo 1S 1-periodic, it is a lift of a homeomorphism x '■ ® \ {0} — * x(P \ {0}) 
that coincides with x ° n < M < 1} an d that is K'(r)-qc on {0 < z| < r?}. 
As the set {\z\ = } U {0} is qc removable, it follows that \ extends to a K'(r)-qc 
homeomorphism from D to x(B). □ 

Lemma 4.4. For each m > there is a constant K (m) > 1 such that the following 
property holds. Let U C C be biholomorphic to D and let /C C U be a compact 
set such that A := U \ K. is an annulus whose modulus is at least m. Then, 
for every constant Kq > 1 there is a constant C(-Ko,m) > such that for every 
homeomorphism x '■ U — > x(U) C C that is K$-qc on A, there is a KoK(m)-qc 
homeomorphism x ■ U — > x(U) whose hyperbolic distance to x is at most C(Kq, m). 
Moreover K(m) — > 1 as m — ► oo and /or a /ixed ifo > 1 we have C(Kq, m) — > as 
m — * oo. 

Proof. Without loss of generality assume that U = D and that £ /C. Then there 
is r 6 (0, 1) only depending on m such that {r < z < 1} is contained in A. Clearly 
r — > as m — > oo. Let x : © x(®) be a homeomorphism that is -Ko-qc on A. 
Then note that the hyperbolic diameter of x({|z| < ^ 5 }) in x(B) is bounded by a 
constant C'(Ko,r) only depending on Kq and r. Clearly for a fixed Kq we have 
C'(K Q ,r) ^Oasr^O. 

Let if> : x{U) — > D be a -Kcrqc homeomorphism so that ^ o ^ is conformal on 
A and let x : D — > D be the K'(r)-qc homeomorphism given by Lemma f4. 31 for x 
replaced by ipo\. Then x '•= ^ _1 ox IS a KqK 1 (r)-qc homeomorphism that coincides 
with x °n {r? < \z\ < 1}. This proves the lemma with constants K(m) := K'{r) 
and C(K Q ,m) := C\K ,r). □ 



Proof of Proposition [ 

1. As the set V§ fl K(Vp) contains V fc c , (~l if (V^), is enough to prove the assertion 
when j' = j and k' > k. Note that the connected components of V3 \ K(Vk) cover 
V k c , \ K(Vj). Given such a connected component W denote by 4>w the inverse of 
R mw \ v c(w) ■ Then x°4>w '■ Vk ~^ x(W) l& a Q c homeomorphism that is conformal 
Lebsgue a.e. on K(Vj). As the nice couple (Vk,Vj) is -fT-rigid with constant C, 
there is a K-qc homeomorphism ipw ■ W — > x(W) whose hyperbolic distance to 
x|w is at most C. Then the assertion follows by the Gluing Lemma. 

2. That the pair (V k c , \ Vp, V§ n K(Vj')) is if-rigid with constant C, can be proved 
in the same way as in part 1. The second assertion is then a direct consequence of 
Lemma IPI □ 
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4.3. Rigidity. For a subset X of 1 
respect to the Euclidean metric of 1 
and a subset E of U, put 



(3) 



\E\ 



we denote by Area(X) the area of X with 
. Given a subset U of C biholomorphic to D 



sup Are&((p(E)), 



where the supremum is taken over all biholomorphisms (p : U — > B. 
The following is the main result of this section. 

Rigidity. Let R be a rational map of degree at least 2 and let K > 1 be given. 

Then there are constants m > and e > such that if [V , V , V) is a nice triple 
for R, satisfying 



min mod(V c \ V°) > m and 

c£Crit(R)r\J(R) 



V \K(V) 



< e, 



then the nice couple (V , V) is K -rigid. 

The proof of this statement is in 
the way in which J3J is used. 



The following general lemma describes 



Lemma 4.5. Given constants Co > and Kq, K\ > 1, there is e > such that 
the following property holds. Let U, U' C C be biholomorphic to B and let E C U 
be such that \\E\\u < e. Then for every K\-qc homeomorphism x ■ U — > U' that is 
conformal Lebsgue a.e. outside E, there is a K^-qc homeomorphism x '■ U — * U' 
whose hyperbolic distance to x is bounded by Co- 

Proof. Without loss of generality we assume U' = U = D. Consider a tiling of D 
by regular hyperbolic hexagons (Hj)j>o with straight angles, as in figure^ 




Figure 1. The vertices of the hexagons from a uniformly dis- 
tributed set in D. 



Let H by a hyperbolic hexagon with right angles that is centered at z = and 
denote by V the set of its vertices (recall that all such hexagons are isometric) . Let 
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S > be small enough so that for every map \° '■ V — > B such that max{|x°(w) — «| | 
d £ V} < i5, the following properties hold. 

• The geodesic segments joining the images by x° of consecutive vertex of H, 
form a hexagon H. 

• Consider the extension x 1 '■ dH — > H of x , determined by the property that 
the distance between points on the same side of dH is multiplied by a constant 
factor, that only depends on the side of dH. Then x 1 extends to a homeomorphism 

from H to H, that is K$-qc on the interior of H and whose hyperbolic distance to 
the identity is at most Co/2. 

Moreover we assume that 5 > is small enough so that for every z G H and 
every z£D such that \z — z\ < S, the hyperbolic distance between z and z is at 
most Co/2. 

Let £ > be such that every -ftTi-qc homeomorphism ip : B — > D fixing z = 
that is conformal outside a set of area e, is at Euclidean distance at most S form a 
map of the form z >—> Xz, with |A| — 1 (part 2 of Lemma IB. II ) 

Given i > let (fi : B — * D be a Mobius map such that tpi(Hi) = H. As ||-E||d < £ 
by hypothesis, it follows that x ol Pi lSi conformal outside a set of Lebesgue measure 
at most e. Thus there is a Mobius map ipi : B — > B such that ^o^o </?;(0) = and 
such that the Euclidean distance from ipi o x ° Pi to the identity is at most S. 

Thus, the hyperbolic distance between % and (ipi o on Hi is at most Co/2. 

Moreover, it follows that there is a homeomorphism Xi '■ Hi — > x{Hi) that is -Ko-qc 
on the interior of iJ^ and whose hyperbolic distance to (ipi o V'i) -1 177" is at most 
Co/2. Thus the hyperbolic distance between Xi an d xItf is & t most Co- 

Is easy to see that the map x '■ B — > B that coincides with on iJ^, for every 
i > 0, is well defined and that it is a homeomorphism. Moreover x IS K$-qc 
outside Ui>odHi. As this set has cr-finite length, it is qc removable, so x is a -Ko-qc 
homeomorphism whose hyperbolic distance to x is a t most Co- □ 

4.4. Proof of Rigidity. Let R be a rational map of degree at least 2 and let 
K > 1 be given. Let m > be sufficiently large so that the constant K(m) given 
by Lemma f4. 41 is less than K and put Kq := KK(m)~ 1 > 1 and C\ := C(Ko,m). 
Choose Co > and let e > be given by Lemma |4~51 for K\ = K and for this choice 
of K and Co . 

Let (V, V, V) be a nice triple for R, satisfying the hypothesis of Rigidity. For 
each c G Crit(i?) n J(R) put 

A c ._ yc and A ._ u ceCrit{R)n . HR) A c . 

Denote by W the collection of connected components of V \K(V). Note that for 
every c G Crit(i?) n J{R) we have V c G W. For W G W the map i? mw in univalent 

on W and the inverse of R mw | ^ extends univalently to V . We denote this 
(extended) inverse by (f>w and put W := (ftwiV^^). Moreover, we denote by 
£(W) > be the number of integers m — 1, . . . ,m(U) for which R m (W) C V. 
Note that £{W) = if and only if for some c G Crit(-R) n J(R) we have W = V c . 
Moreover, for every W G W with £(FT") > 1 there is a (unique) FT"' G W such that 
^(W') = £(W) - 1 and such that W intersects W' . In this case W CW'. 
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Lemma 4.6. There is a constant C2 > only depending on 
(4) min mod [V \V C ) and K, 

ceCrit(R)nJ(R) \ J 

such that for every positive integer £q and every c G Crit(R) (~l J(R) the following 
property holds. Let \ '■ V° ~~ * x(^ c ) be a Q c Tnap that is conformal Lebsgue a.e. 
on (V c r\K(V)) \ (^wewAW)=e W) and that is K-qc on V c H (UweW,t{W)=t W)- 
Then there is a K-qc homeomorphism x '■ V° ~^ x(V°) whose hyperbolic distance 
to x * s a t most Co + C\ + C2 ■ 

Proof. Denote by W (resp. W) the collection of connected components of A \ 
R^iKiV)) (resp. A \ iT ^(F))). For each element W of VV or VV, the map 

R mw is univalent on W and the inverse of R mw \w extends univalently to V 
We will denote this (extended) inverse map by (j>w- Note that for W G W we have 
W G VV if and only if £{W) = 1. 

For c G Crit(i?) n J(i?) put A c := V \V C . Note that for each W G VV contained 
in F c , the set </>^ ( A c ( w ^ ) is an annulus in A c that encloses W and whose modulus 

is equal to that of A ct - W \ It follows that there is a constant C2 > 0, only depending 
on Q, such that for every K-qc homeomorphism ip : A c —> ip(A c ) the hyperbolic 
diameter of ^>(W) in tp(A c ) is at most C2. In particular note that if x '■ V c —> x(^ c ) 
is a homeomorphism that coincides with x on V c \U^ G y^W , then for every W G W 
contained in A c we have x(W) = an d therefore the hyperbolic distance 

between x and x is at most C2. 

1. We will prove the assertion for £q = 1, with Co + Ci + C2 replaced by Co + C\. 
So by assumption \ is conformal Lebsgue a.e. on A c \ U^ g ^W and K-qc on 

^n(u ?E ^). 

For each IF G W contained in A c , the map x o 0s; : V — > x(W) is a if-qc 

homeomorphism onto its image that is conformal Lebsgue a.e. onV n K(V). 
Then Lemma |4.5I implies that there is a -Ko~qc homeomorphism x« '■ W — > x(^0 
whose hyperbolic distance to Xi|== is at most Co- By the Gluing Lemma it follows 
that there is a qc homeomorphism xo '■ V c —> x{V c ) that coincides with x 011 

V c \ U» ss. W and such that for every W G W it coincides with ys; on IF. It 

_ ivew iv 
particular %o is Ka-qc on A c and the hyperbolic distance between xo and X is 

at most Co- So Lemma [4.41 applied to x = Xo implies that there is a -Ko-^( m )- 

qc homeomorphism x : V c — ► x(^ c ) whose hyperbolic distance to xo is at most 

C(Ko,m). It follows that the hyperbolic distance between x an d X is at most 

Co + C(Ko,m). As by definition K = KoK(m) and C\ — C(Ko,m), this proves 

the assertion. 

2. Suppose that £q > 1 and assume by induction hypothesis that the assertion of 
the lemma holds for £ a replaced by £q — 1. 
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Let W G W be satisfying t(W) = 1, so that If eW. Then the map X°0Vk|t/c(w) 
satisfies the hypothesis of the lemma with £q replaced by £o — 1- By the induction 
hypothesis there is a K-qc map xw '■ W — > x(W) whose hyperbolic distance to x\w 
is finite. By the Gluing Lemma it follows that there is a qc-map x that is K-qc on 
A c n (li^ £ ^W), conformal Lebsgue a.e. on A c \ U^ g ^VT, and that coincides with 

X on V c \ (U^ e y^W). It follows that the hyperbolic distance between x an d X 1S 
at most C*2. 

By part 1 it follows that there is a K-qc homeomorphism x '■ V c — * x{V c ) whose 
hyperbolic distance to x is at most Cq + C\. Thus the hyperbolic distance between 
X and x is at most Co + Ci + C2. This completes the proof of the lemma. □ 

Lemma 4.7. Let c £ Crit(R) fl L(i?) cmd Zet % : F c — > x(V^ c ) oe a gc homeomor- 
phism that is conformal Lebsgue a.e. on V c H K(V C ). Then there is a sequence 
(xe)e>o °f oc homeomorphisms from V c to x(^ c ), such that xe is conformal on a 
set of full Lebesgue measure on the complement of &w ,e(w)<eW , and such that 
Xe converges uniformly on compact sets to x as £ — > oo. 

Proof. Without loss of generality assume x(V c ) = D and x( c ) = 0- Let n be the 
Beltrami differential of x and for £ > let /i£ be the Beltrami differential that 
coincides with fi outside ^w£\v,e(w)>eW and that is equal to on this set. By 
the Measurable Riemann Mapping Theorem it follows that there is a qc homeo- 
morphism xe '■ V c ~> ® whose Beltrami differential is equal to [ig and such that 
Xi(c) = 0. 

By definition xe is conformal on a set of full Lebesgue measure outside Uwew,e(W)<eW . 
Moreover the map Xf^X" 1 : D ^ B is conformal Lebsgue a.e. outside x( l - l wew,e(w)>e W) 
and its dilatation is bounded by that of %. As the Lebesgue measure of this set 
converges to as £ — ► oo (because the sets &w ,e{W)=eW are pairwise disjoint), it 
follows that every convergent subsequence of (xe°X~ 1 )e>o converges to a conformal 
homeomorphism of ID that fixes (part 1 of Lemma fB. Il l But the only conformal 
homeomorphisms of D that fix are of the form z i— > Xz , for some A £ C satisfying 
|A| = 1. Since the collection of K-qc homeomorphisms of D that fix is compact, 
we can replace each xe by a map of the form Xexe, with \Xe\ = 1, such that xe °X 1 
converges uniformly to the identity as £ — » oo. □ 

End of the proof of Rigidity. Let c G Crit(-R) n J(R) and let \ '■ V° - » x(V c ) be a 
qc homeomorphism that is conformal Lebsgue a.e. on V c n K(V). 

Let (xe)e>o be given by Lemma [4.71 Note that for each £ > the qc homeo- 
morphism x — Xe satisfies the hypothesis of Lemma 14.61 with £$ — £ + 1. Thus 
there is a K-qc homeomorphism xe '■ V c ~* x(V c ) whose hyperbolic distance to xe 
is bounded by Co + C% + Gi. As xe converges uniformly on compact sets to x as 
I — ► oo, it follows that a subsequence of (xe)e>o converges uniformly on compact 
sets to a K-qc homeomorphism x '■ V c ~* x(V c ) whose hyperbolic distance to x is 
at most Co + Ci + C2 . This proves that the nice couple (V, V) is if -rigid. □ 

5. Thurston's algorithm. 

In this section we a sufficient condition for Thurston's algorithm to converge in 
a very specific situation. In i J5.1l we recall Thurston's algorithm and state the main 
result of this section. The proof of this result is in 8 *15.21 
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5.1. Thurston's algorithm. Let B be a set of 3 distinct base points of the sphere 
S 2 and let R : S 2 — » S 2 be a ramified covering. Each homeomorphism h : S 2 — » C 
defines a unique complex structure on S* 2 , for which h o _R : S* 2 — > C is holomorphic. 
So there is a unique homeomorphism h : S 2 — > C that is holomorphic with respect 
to this complex structure and that coincides with h on B. It follows that Q := 
h o R o h^ 1 : C ^ C is a rational map of the same degree as R. In this way we 
associate to each homeomorphism h : S 2 — > C a homeomorphism h : S 2 — » C that 
coincides with h on B and a rational map Q of the same degree as R, such that 
Q o h = h o R. By iterating this procedure, to each homeomorphism ho : S 2 — > C 
we associate a sequence {hk)k>o of homeomorphisms from S 2 to C and a sequence 
of rational maps (Qk)k>o of the same degree as R, such that for every k > the 
homeomorphism coincides with h on B and such that we have Qk°hk+i — h^oR. 

For our purposes we identify S 2 with C and we will say that a homeomorphism 
of C is normalized if it fixed each element of B. Furthermore, the map R will be 
quasi-regular (a rational map post-composed with a qc homeomorphism) and ho 
will be the identity map of C. It follows that for every k > the homeomorphism 
hk of C is normalized and qc. 

Before the statement of the main result of this section, we consider the following 
definition. 

Definition 5.1. Let R and Q be rational maps of degree at least 2 and let V be a 
nice set for R. We say that a qc homeomorphism \ '■ C — > C is a V pseudo-conjugacy 
between R and Q, it x ° R = Q ° X on an d if X is conformal Lebsgue a.e. on 

K(V). 

Theorem C (Convergence of Thurston's algorithm). Let R be a rational map of 

degree at least 2 and let (V, V, V) be a nice triple such that for some K > 1 the 
nice couple (V , V) is K -rigid and such that for every c £ Crit(R) n J(R) the set 

V n K(V) has positive Lebesgue measure. Let R be a quasi-regular map of the 
same degree as R, that coincides with R outside V , and such that the image by R 
of every ramification point of R in V is contained in K(V). Moreover, choose a 

set B of 3 base points in K(V), let ho be the identity map ofC and let {hk)k>o and 
(Qk)k>o be given by Thurston's algorithm, as above. 

Then Qk converges uniformly to a rational map Q and hk converges uniformly 
to a continuous map h : C — ► C, as k — > oo, and we have, 

Q o h = h o R on C. 

Furthermore, h maps ramification points of R to critical points of Q preserving local 
degrees, and there is a K-qc V pseudo-conjugacy between R and Q that coincides 
with h on K(V). 

Remark 5.2. 

1. In general the map h is not injective. For example, is easy to construct 
a quasi- regular perturbation R as in Theorem IU1 having a saddle periodic 
point. As rational maps cannot have saddle periodic points, in this case R 
cannot be conjugated to Q and the map h cannot be injective. 
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2. For c G Crit(-R) (~l J(R) the quasi-regular map R may have several ramifica- 
tion points in V c , but the sum of their multiplicities must be equal to the 
multiplicity of c as a critical point of R. 

3. The conclusions of Theorem [H] hold under the weaker assumption that 
there is an integer N such that for every ramification point r of R we have 

R N (r) £ K(V). The proof of this fact is essentially the same as the proof of 
Theorem|ni With similar arguments is possible to allow R to have recurrent 
ramification points, with a Topological Collet-Eckmann dynamics. 

5.2. Dynamics of R. Let R, (V, V,V), K and R by as in the statement of Theo- 
rem [CI Recall that for a connected component W oiC\K(V), the integer m^> > 

and c(W) £ Crit(i?) n J{R) are such that R m w maps W univalently onto V c(w) . 
For m > put 

K(m) := R- m {K(V)), 

which is a compact set that is forward invariant by R. Let W be a connected 
component of C\K(m). Then W := R m (W) is a connected component of C\K(V). 
We put := m + m w and c(W) := c(W), so that R m w~ m o R m maps W 

univalently onto V c ( w \ In the case when W is also a connected component of 
C \ K(V), is easy to see that this definition of and c(W) is consistent with the 
previous definition. Note that W is not a connected component of K(m^ + 1), but 
for every ml < m^, the set W is a connected component of C \ K(rn'). 

As the image by R of the ramification points of R belong to K(V) and this set 
is forward invariant by R, it follows that R m w~ m o R rn maps W univalently onto 

y c ( w ) an d it s inverse extends to V ■ We denote by <fe the inverse of this map 
and put 

W-:=4>w\V JandA^:=^(F \ V W J = W~ \ W. 

So Ayy is an annulus contained in W~ which encloses W . In particular is 

contained in the complement of K(V). 

Note that for k > m > the rational map Q m o . . . o Qk-i maps ft-fe(VF~) 
univalently onto h m (W~). Taking m = we conclude that the rational map 

R™w~™ o Q o . . . o Q m _! 

maps n m (VF~) univalently onto V 
Proposition 5.3. 

1. For m > and k > m there is a K-qc homeomorphism hk y , n : C — > C i/iat 
coincides with hk o /i" 1 on h m (K (m)) and £/ia£ is conformal Lebsgue a.e. 
on this set. 

2. For eac/i m > f/iere is a normalized K-qc homeomorphism Xm '■ C — * C 
i/iai is conformal Lebsgue a.e. on h m {K{m)) and such that for every k > m 
the homeomorphisms \k ° ^fc Xm ° coincide on K(m). 
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Proof. 1. As R is a quasi-regular map and ho is equal to the identity, it follows 
that hg is qc for all I > 0. Since for every t > 1 we have Q o ■ ■ ■ o Qg-i o he = R e , 
for k > m we have 

Qo ° ■ ■ ■ ° Qfe-i o (ftfc o O = -R fe ° = R k ~ m o Q o • • • o Q m _i. 

As R coincides with R on K(V) it follows that i? this set is forward invariant by 
R and that R is conformal Lebsgue a.e. on this set. On the other hand we have, 

K(V) = Qo o • • • o Q m _ x o h m o R- m (K (V)), 

so hk o fr" 1 is conformal Lebsgue a.e. on h m (R~ m (K(V))). 

Let W be a connected component of C \ K(m) and set W := R m (W), which is 
a connected component of C \ K(V). Note that the map 

■= Rmw ° Qo • • • Q™-ilh m (w) 

is a biholomorphism between /i m (W) and y c ( w ) that maps points in h m (R~ m (K (V))) 
to points in K(V). Thus the map hk ° h^ 1 o tp^ 1 is a qc homeomorphism between 
yc(w) an j /j fe (jy) that is conformal Lebsgue a.e. on T/ C ( w ) n X(V). As the nice 
couple (V, V) is A-rigid, there is a K-qc homeomorphism tpy^ : h m (W) — ► ftfc(W) 
at bounded hyperbolic distance from hk ° h^-\ h 

By the Gluing Lemma there is a A-qc homeomorphism ft.fc jTrl that coincides 
with hk o h^ 1 on h m (K(m)) and with on h m (W), for every connected com- 
ponent W of C \ A (to). As /i/j o /i^ 1 is conformal Lebsgue a.e. on h m (K(m)) C 
/i m (i?~ m (A(y)), it follows that hk, m is also conformal Lebsgue a.e. on this set. 
2. As for every m > the homeomorphism h m is normalized, it follows that for 
every k > m the homeomorphisms hk ° /i^ 1 and ft,fe !m are normalized. Since the 
collection of normalized A-qc homeomorphisms of C is compact, it follows by a 
diagonal argument that there is a sequence (ij)j>o such that for every m > 
the homeomorphisms hg^ m converge to a normalized K-qc homeomorphism Xm ■ 
C — > C, as j — > oo. Note that for £ > fc > to the maps /ifc ° h^ 1 and /ij^ o /i^ iTO 
coincide on h m (K(m)). Moreover it follows that h k o ft,^ 1 and 1 o x m coincide on 
h m (K(m)). ' □ 

5.3. Limit geometry. For m > put A(m) — Xm°h m (K(m)). Given a connected 
component W of C \ K(m) let VF = (%m /im) _1 (WO and define mw — m^-' 
c(W) = c(W) and A w = x m ° h m (A^). 

For c e Crit(A) n J(i2) put A c := V \ V c . 

Lemma 5.4. For every m > and every connected component W of C \ K(m) 
there is a K-qc homeomorphism ipw '■ A c ( w *> — > £/ia£ maps A C W nif(7) onto 
A^v n K(m). In particular there is a constant m > independent of m and W, 
such that mod(Aw) > m. 

Proof. Put W = (Xm ° h m y 1 (W) and note that the map tp w = R m w-m o Q o 

• • • ° Qm-i is a biholomorphism between h m (W~) and V that maps points in 
h m (K(m)) to points in K(V). As % m is A-qc and h m (A^ r ) — ip^y (A c ( w *>) , the 
map r/»v7 = Xm ° < /?w L L<=("') satisfies the desired properties. □ 
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Proposition 5.5. For to > put K(m) — \ rn o h m (K (to)) . 

1. for every e > i/iere is M > such that for every to > M , the diameter 
of each connected component of C \ K(m) is at most e. 

2. The set K(m) is increasing with m and U m >oK(m) has full Lebesgue mea- 
sure in C. 

Proof. 

1. Let to > and let W be a connected component of C \ K{m). Thus VF = 
(Xm ° ' l m)~ 1 (W / ) is a connected component of C \ K{m). 

Let < toi < . . . < TO£ < ni( + i — niyy be all the integers j = 0, . . . ,to^> 
such that /^'(W) is contained in V. Note that mi < to. For i = 1,. . .£ + 1 let 
Cj eCrit(i?)n J(i?) be such that fl TO< (W) C V Ci , so c* + i = c(W). Moreover denote 
by Wt the connected component of R~ nii (V Ci ) that contains W and set Ai = A^ . 
Note that Wt+i = W, W\ is a connected component of C \ K(V) and mi = . 
Moreover, for i = 1, . . . , £ we have W / i ^ 1 C Wj, so the annuli Ai, . . . , Ag + i are 

pairwise disjoint and enclose We+i — W. 
When m is big there are three cases. 

Case 1. toi is big. As U = W\ is a connected component of C\K(V) and toi = m^, 

it follows that i? m & maps U biholomorphically onto . Since the inverse of this 

map extends to V , a Fatou type argument shows that the diameter of U is small 
when mfj is big. Since W C U, we have W C xo ° ho(U), so 14^ is small when mi 
is big. 

Case 2. There is i £ {1,...,^+ 1} such that mj+i — mi is big. Put U = 
R nii (W i+ i) C V Ci and U = \ m o h m (U). In this case i?(£/) is a connected com- 
ponent of C \ K(V) and m R ^^ = m,+i — m; — 1, so as in the previous case, the 
diameter of U is small as rrij+x — ?n, is big. Thus the modulus of the annulus 
A = V \ U is big as m«+i — is big. 

As Qi o . . . o Q m maps h m +i(Wf ) biholomorphically to h\(V ) and Xm+i is a 
if-qc map, we have 

mod{ Xm +i ° h m+1 (W.- \W l+1 )) > A- 1 mod(/ii(i)). 
Since this annulus is contained in the complement of K(0), it follows that W C 
Xm+i ° h m +i(Wi+i) is small as m l+ i - mi is big. 

Case 3. £ is big. Set U — Xm°h m {Wx). Note that the annuli Xm°h m (Ai), . . . , Xm° 
h m (A( + i) are pairwise disjoint and enclose W. So, if m > is the constant given by 
Lemma IKTU Grotzsch inequality implies that mod(U\W) > £m. As U is contained 
in the complement of K(0), it follows that the diameter of W is small as £ is big. 

2. By part 2 of Proposition 15.31 for every k > to the maps o hk and Xm ° 
coincide on K(m). As the set K(m) is increasing with to, it follows that K(m) = 
Xm h m (K(m)) is also increasing with m. 

To prove that U m >oK (to) has full Lebesgue measure on C, consider a point p 
in the complement of this set. With a reasoning similar to that of part 1 we can 
find an infinite sequence of pairwise disjoint annuli Ai, A2, . . . that enclose p and 
that are contained in the complement of K(0). By Lemma [5.41 each j > 1 there 
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are rrij > 0, Cj £ Crit(i?) (~l J(R) and a K-qc homeomorphism ipj : A Cj — * Aj that 
maps A c i n K(V) to Aj n K(rrij). By hypothesis, for each c £ Crit(i?) n J(i?) the 

set ^4 C fl K(V) = V n ii"(V) as positive Lebesgue measure. By the area distortion 
property of K-qc maps (see e.g. [A]), it follows that p is not a density point of 
the complement of U m >o^(?Ti). As p was an arbitrary point in the complement of 
U m >QK(m), it follows that this set has full Lebesgue measure. □ 

Proof of TheoremXQ 

1. By part 1 of Proposition 15.31 for k > m the homeomorphisms Xfc ° hk and 
Xm ° h m coincide on K(m), so for each connected component W of C \ K(m) we 
have Xk ° hk{W) — Xm ° h m (W). As the diameter of Xm ° h m (W) is small as 
to is big (part 1 of Proposition 15.51) it follows that Xm ° h m converges uniformly 
to a continuous function h : C — ► C. Similarly the we can show that the map 
Xm ° Qm ° Xm-i converges uniformly to some map Q : C — * C. 

Recall that % m is a normalized K-qc homeomorphism that is conformal on a 
set of full Lebesgue measure in h m (K(m)) (part 2 of Proposition 15. 31 ) So x^ 1 is 
conformal Lebsgue a.e. on K(m) = \m ° h m {K(m)). Since Uk>oK(m) has full 
Lebesgue measure in C (part 2 of Proposition l5.5|l . it follows that every convergent 
subsequence of (Xm)m>o converges uniformly to a normalized conformal map as 
m — ► oo ( Lemma IB.lh But the only normalized conformal map is the identity, 
so every convergent subsequence of (Xm)m>o converges to the identity. Since the 
collection of normalized -R'-qc homeomorphisms is compact, it follows and 
hence % m , converges to the identity as m — > oo. 

Hence we conclude that h m and Q m converge uniformly to h and Q, respectively, 
as to — > oo. As the rational maps Q m have the same degree as R, it follows that Q 
is a rational map of the same degree as R. 

Let us prove now that h maps ramification points of R to critical points of Q, 
preserving local degrees. First we will prove that h does not decrease local degrees 
of points in K(\) = R^ 1 (K (V)) . Note that h is injective on K(l), as it coincides 
with the homeomorphism xi hi there. 

Given p £ K(l) choose q close enough to h(p), so that the number of preimages 
of q by h near p is equal to the local degree of R at p. As h(p) £ K(V) and the 
set K(V) is connected (part 2 of Lemma EOj) . we may choose q in K(V). Thus, all 
preimages of g by R belong to K(l) = R" 1 ^^)). As h is injective on K(l) and 
K(V) c K(l), it follows that the local degree of Q at h(p) is at least as big as the 
local degree of R at p. 

Note that by hypothesis all ramification points of R belong to K{1). Since h 
is injective on K(l), we conclude that the ramification points of R are mapped to 
distinct critical points of Q, not decreasing multiplicities. Since R and Q have the 
same degree, they have the same number of critical points counted with multiplicity, 
so we conclude that h preserves the local degree of each ramification point. 

2. By part 2 of Proposition ^. 3l the map xo is K-qc and it is conformal Lebsgue a.e. 
on K(V). Moreover, as ho is the identity, xo coincides with h on K(V). It follows 
that xo conjugates R to Q on K(V). As R and R coincide on K(V), it follows that 
Xo conjugates R and Q on K (V). 



20 



J. RIVERA-LETELIER 



Let W be a connected component of C \ K(V) and set W = Xo{W). Then R m w 
maps W univalently to V c ^ w ^ and Q m w maps W univalently to Xo{V clyW ^). Denote 
by Xw -W^W the if-qc homeomorphism (Q m w ° Xo ° R m w It extends 

continuously to the closure of W and it coincides with R m w on the boundary of 
W. Thus the Gluing Lemma implies that there is a K-qc homeomorphism \ that 
coincides with h on if (V) and with on W, for every connected component 
W of the complement of K(V). By construction x conjugates R to Q outside V. 
Moreover \ coincides with xo and h on K(V) and it is conformal Lebsgue a.e. on 
K{V). □ 

6. Backward Contraction and the Univalent Pull-back Condition. 

In this section we construct nice sets and nice nests for Backward Contracting 
rational maps. We begin by giving an equivalent formulation of the Backward 
Contraction condition in i)6.1l After some preliminary lemmas in <j6.2l we construct 
nice sets and nests in 

Throughout all this section we fix a rational map R of degree at least 2. 

6.1. Univalent Pull-back Condition. Given 5' > 5 > we will say that a 
rational map R of degree at least 2 satisfies the (5,5')-Univalent Pull-back Condition, 

if for every z £ C and every integer n > 1 such that, 

1. for j = 1, . . .n - 1, we have R j {z) £ B(Crit(R) fl J(R),5) and; 

2. for some c € Crit(i?) n J(i?) we have R n (z) G fl(c, 5'); 

the pull-back of i?(c, 6') to z by i? n is univalent. 

Taking ( = R{z) and m = n — 1, we have the following equivalent formulation of 
the (5,(5')-Univalent Pull-back Condition: If for j = 0, . . . , m — 1 we have ii J '(C) ^ 
B{CV(R) n J(#),<5) and for some c 6 Crit(iZ) n J(iZ) we have i? m (C) £ 3(c,<T), 
then the pull-back of B(c, 6') to £ by i? m is univalent and disjoint from CV(R). 

Note that if 5' > S > are such that R satisfies the ((5,<5')-Univalent Pull-back 
Condition, then for every 5o,S' Q 6 (5,6') such that S' > 5q, the rational map R 
satisfies the ((5o, ^"Univalent Pull-back Condition. On the other hand, note that 
if for some 6' > S > the rational map R is ((5,<5')-Backward Contracting, then for 
every 6" £ {5,5') the rational map R is (<5,<5")-Backward Contracting. 

Proposition 6.1. The following assertions hold for a rational map R of degree at 
least 2. 

1. For each 5' > 5 > the (5, 5') -Backward Contraction condition implies the 
(5, 5') -Univalent Pull-back Condition. 

2. There is a constant k G (0, 1) only depending on R, such that for every 5 > 
and 5' > k~~ 1 5 small, the (5, 5') -Univalent Pull-back Condition implies the 
(5, k6')- Backward Contraction condition. 

3. If K E (0, 1) is as in part 2, then for every 5 > 0, 5' > n~ l 5 and 5q, 6' £ 
(5, k5') satisfying 5' > 5q, the [5, 5') -Backward Contraction condition im- 
plies the (5<y, 5' )-Backward Contraction. 

Proof. 

1. Let z £ C and n > be as in the Univalent Pull-back Condition and consider 
successive pull-backs Wo, ■ ■ ■ , W n — B(c, 5') by R along the orbit of z, so that z £ 
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Wo ■ If for some j = 0, . . . , n— 1 we have Wj fl Crit ^ 0, then by the (8, 5')-Backward 
Contraction condition, di&m(Wj+i) < 8. Since by hypothesis R? +1 (z) G Wj+i 
does not belong to B(CV, 8) we have that Wj+i n CV = 0, which contradicts our 
assumption. So the for every j = 0, . . . , n — 1 the set Wj is disjoint from Crit and 
therefore R n is univalent on Wq. 

2. Let kq, ki G (0, 1) to be determined below and assume that 5 < kqKiS' . Given 
c G Crit(-R) n J{R) consider successive pull-backs Wo, . . . , W m = B(c, KiKq8') by 
R, such that for j = 0, . . . ,m — 1 the set Wj is disjoint from B(CV,8) = and 
such that for some critical value v G CV(i?) fl J(R) we have W fl <5) 7^ 0. We 
will prove that for appropriated choices of the constants n and k 1; only depending 
on R, we have diam(Wo) < S < ko k i<5'- This implies by induction that R is 
((^KoKi^-Backward Contracting and proves the assertion of the proposition with 
constant n — kqk\. 

For j = 0, . . . , m let (resp. Wj) be the connected component of 

R:>- m {B(c, Ko 5')) (resp. R ] - m (B(c, 5'))) 

that contains Wj, so that Wj G Wj C Wj. By the (<5,<5')-Univalent Pull-back 
Condition R m is univalent on Wq. 

Case 1. Wo G B(u, 5). Since R m is univalent on Wq, it follows by Koebe Distortion 
Theorem that the distortion of R m on Wo can be bounded in terms of kq only. Thus 
given kq > we may choose K\ G (0, 5) small enough, such that 

diam(Wo) < idiam(W ) < 5. 

Case 2. Wo <£. B(v,5). By the equivalent formulation of the Univalent Pull- 
back Condition it follows that Wq n CV = 0. As R m is univalent on Wq, the 

modulus of the annulus Wq \ Wo is bounded from below by a function depending 
on kq G (0, 1) only and it is big as kq > is small (note that by Lemma 12. II we have 
diam(C\W^) > ±diam(C).) Since Wo PI B(v, 5) ^ and v g" Wq, we can choose kq 
small enough, only depending on i?, such that diam(Wo) < 5. 

3. A direct consequence of parts 1 and 2. □ 

6.2. Lemmas. 

Lemma 6.2. Suppose that for some S > and 5' > 28 the rational map R is 
(5, 5') -Backward Contracting. For c G Crit(R) fl J(R) let V c be the connected com- 
ponent of C \ K(B(Crit(R) f) J(R),8)) that contains c. Then 

B(c,6) G V c G B(c,25), 

Proof. Given c G Crit(i?) fl J(R) and an integer n > 0, let V£ be the connected 

component of Uj = o n -i-R _:y (-B(Crit(-R) fl J(R),8)) that contains c. Note that 

V C = B(c,S), that V„ is increasing with n, and that V c = U„>oV^. So it is 
enough to show that for every c G Crit(i?) n J(R) and every integer n > we have 
V^cB(c,2S). 

We will proceed by induction in n. For n = the assertion is trivial. Suppose 
that the assertion holds for n > and fix c G Crit(i?) fl J(R). For every point 
z G V£ +1 there is an integer m G {0, . . . , n + 1} and Cq G Crit(i?) fl J{R) such that 
R m (z) G B(co,£); let m(z) be the least of such integers. Let X be a connected 
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component of V^ +1 \ B(c, 5) and let z G X for which m(z) is minimal among points 
in X. Let c 6 Crit(i?) n J(-R) be such that i? m W(z) G B(c , 5). Considering that 
m{z) > 0, we have by induction hypothesis 

r( z »(I) c V„ c ° C B(co,2S). 

As i? is ((5,<5')-Backward Contracting it follows that diam(i?(V)) < 5. Therefore 
R(X) C B(R(c),25) and X C S(c,25). This shows that V n c +1 C B(c,25) and 
completes the proof of the lemma. □ 

Lemma 6.3. There is a constant Co > only depending on R such that for each 
e G (0, ^] the following property holds. Let 5' > 5 > be small and suppose that 
R is (5 ,6')- Backward Contracting. Moreover, let z G C and n > 1 be such that 
for j = 0, . . . ,n — 1 we have R J (z) ^ B(Crit(R) n J(R), 5) and such that for some 
c G Cnt(R) n J(R) we have R n (z) G B(c,eS'). Then the pull-back W of B(c,eS') 
by R n satisfies, 

diamfW) < C Q e^ max {5, dist(W, CV)} . 

Proof. Let > be the constant as in H2.3I We assume that 5' > is small 
enough so that diam(_B(c, S')) < rx- 

The Univalent Pull-back Condition implies that the pull-back W of B(c, 5') by 
R n containing z is univalent. There are two cases. 

Case 1. dist(T / L, CV) < S. As R is (<5,<5')-Backward Contracting, we have diam(VK) < 
S. So there is a constant C > only depending on R such that diam(W) < C' e~^8. 

Case 2. dist(z, CV) > <5. By the Univalent Pull-back Condition W (~l CV = 0. As 
diam(C \ W) > \ diam(C) by Lemma \l. II there is a C ' > only depending on R 

such that diam(TU) < C' 'e^ dist(VK, CV). □ 

Lemma 6.4. Let R be a rational map of degree at least 2 and letrj> 1 be given. Let 
Vq be a neighborhood of Crit(R) (~l J(R) disjoint from the forward orbits of critical 
points of R not in J(R) and such that every connected component of Vo contains 
precisely one element of Crit(R) n J(R). Suppose moreover that there is 6 > such 
that for each c G Crit(R) (~\J(R) the connected component V c of C\K(Vq) satisfies 

B{c,5) C V c C Bic^S). 

Let Co > be the constant given by Lemma \b\>A and put 

r) = l + C (?i5/8')^. 

Suppose that there are 5 < 5 and 5' > 2rj5 small such that is R {5 ,6')- Backward 
Contracting. Then for every 6 > 5 and every v G CV(R) fl J(R) there is a simply- 
connected neighborhood U v of v in C such that dU v G K{Vq) and such that 

B(v,S) G U v G B{v,n5). 

If moreover S < 5' and R is (5,5') -Backward Contracting, then we also have U v C 
B(v,25). 



A CONNECTING LEMMA FOR RATIONAL MAPS. 



23 



Proof. Let Wo be a connected component of C \ K (Vo) and let to > and c G 
Crit(.R) n J(R) be such that R m (W ) = V c . The Univalent Pull-back Condi- 
tion implies that the inverse of R m \w extends in a univalent way to B(c,8'). So 
Lemma \6 . 31 implies that, if Wo intersects B(CV, 8), then 

diam(W ) < C (r}8/S')~i^S = (77 - 1)?. 
Given w G CV(-R) n J(-R) put, 

J7" = B(v,8) U I connected components of C\K(Vq) 

intersecting B(v, 8)\ , 

so that B(v,8) C U v C B(v,rj6) and 9C/ C C #(V&). Moreover let 

[/" = l> U I connected components Wq of C \ U v 

such that diam(Wo) < diam([/ t ')| . 

As diam([/") <C diam(C), there is only one connected component of C \ U v whose 
diameter is not smaller than U v . Thus U v is simply-connected. Moreover B(v,8) C 
U v C B(v,r{8) and dU v C <9l> C K(V ). 

If 5 < 8' and i? is ((5,(5')-Backward Contracting, then every connected component 
Wo of C \ K(V ) intersecting B(CV(R) n ■/(£),?) satisfies diam(W ) < 8. So in 
this case we have U v C B(v, 28) and hence U v C B(v,28). □ 

6.3. Construction of nice sets and nests. We will say that a nice set V — 
U c eCrit(i?)nJ(fl)^ c is symmetric if for each v G CV(i?) (1 J(R) there is a simply- 
connected neighborhood U v of u in C such that for every c G Crit(ii) fl J(R) the 
set V c is equal to the connected component of i? -1 ([/ fl ( c )) containing c. 

Proposition 6.5. Let R be a rational map of degree at least 2, let k G (0, 1) be the 
constant given by Provosition \6. 1\ and let Co be the constant given by Lemma \6.3[ 
Suppose that for some 8 > and 8' > 8k 8 the rational map R is (8 ,8') -Backward 
Contracting and put 

Tj := 1 + min{l,C (4(5/(5')^} • 

Then there is a symmetric nice set V — ^ c eCrit(R)c\J(R)V c such that for every 
c G Crit(R) n J(R) we have 

B{c,8) c V c C B(c,rj8). 

Proof. Choose 8 in (28, min{4(5, jkS'}). Part 3 of Proposition 16 . II implies that R is 
((5,2(5)-Backward Contracting. Lemma . 21 implies that for each c G Crit(i?) n J(R) 
the connected component V° of C \ K(B(Cvit(R) fl J(R), 8)) satisfies, 

B(c,8) C V c C S(c,2?). 

Lemma lD^l applied to rj = 2 and (5 = 5, implies that for each v G CV(R)DJ(R) there 
is a simply-connected neighborhood U v of w in C such that dll v C K(B (Crit(R) fl 
J(R),8)) and such that B(u,<5) C C B(v,T)8). For each c G Crit(iZ) n J(i?) 
we denote by V c the connected component of R~ 1 (V Il ^ c '), so that B(c, 8) d V c C 
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B(c,j]S). As r/S < 28 < 6, Lemma EOl implies that V = U ce oit(fl)n,/(i?)^ c is a mce 
set. □ 

Proposition 6.6. Let R be a rational map of degree at least 2 and let Cq > be 

the constant given by Lemma \6.,°A Moreover, let £ be a positive integer, r G (0, 1), 
i] G (1, min{2, t^ 1 }) be given, and let Tq > 1 be such that 

r > 4r"^ +1 ) and C (ir £+1 r )"^ < v - 1. 

Then the following properties hold. 

1. Let k G (0,1) be the constant given by Provosition \6.1\ Suppose that for 
some 8 > the rational map R is (8 ,n~ 1 ro8)-Backward Contracting and 
put So — t 8. Then for each j £ {0, ■■■,(} there is a symmetric nice set 
Vj = ^c£Crit{R)nJ(R)Vj such that for each c £ Crit(R) n J(R) we have, 

B(c,T j 5 )cVfcB(c,r,T j 5 ), 

and such that the sequence (Vq, . . . , Vg) is a nice nest. 

2. Suppose that there is Sq > such that for every 8 S (0, 8q] the rational map 
R is (8, r 8)- Backward Contracting. Then for every positive integer j > 1 
there is a symmetric nice set Vj — U C £Crit{R)c\J{R)Vf such that for each 
c G Crit(R) (~l J(R) we have, 

B(c,T j S ) C Vf CB{c,7]T j 8 ), 

and such that for every positive integer jo > 1 the sequence (Vj , . . . , Vj +i) 
is a nice nest. 

Proof. 

1. Part 3 of Proposition 16.11 implies that R is (r _1 5o,2r~ 1 5o)-Backward Con- 
tracting. Lemma 16.21 applied to t~ 1 8q instead of 8, implies that for each c G 
Crit(iZ) n J(R) the connected component V c of C \ K (B(Cvit(R) n J{R),t- 1 S )) 
satisfies, 

S(c,r _1 io) C V c c S(c,2t- 1 * ). 

Put V := l J c .eCiit(R)nJ(R) V c ■ Fix j G {0, . ..,£} and note that Part 3 of Proposi- 
tion |0] implies that R is (r : '(5o,ro5)-Backward Contracting. Moreover Lemma f6. 41 
applied to 8 = t~ 1 8q, r] = 2, 8' = ro8 and 8 = t^8q, implies that for each 
v G CV(R) n J(R) there is a simply-connected neighborhood Uf of v in C such 
that dUV c tf(.B(Crit(.R) n J(i?),T-M )) and such that 

B(v,t 3 8 ) c Uf c B(v,r)r j 8 ). 

For c G Crit(E) ("1 J(i?) let Vf be the connected component of fl -1 (?7^ (c) ) con- 
taining c and Vj — ^ c eCrit(R)nJ(R) Vf - Then the assertion follows from Lemma 13.41 
considering that t]8q < t 8q. 

2. Lemma f6 . 21 applied to 80 instead of 8, implies that for each c G Crit(i?) D J(R) 
the connected component V c of C\K(B(Ciit(R) D J(R), 80)) containing c satisfies, 

B(c,S a ) Cfc B(c,28 ). 
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For each j £ {1,. ..,£+ 1}, Lemma ffi.41 applied to 6 = So, f] = 2, 6 = t^Sq, 8' = 
roT i+1 So and 8 — t^Sq, implies that for each v € CV(R) (~l J(R) there is a simply- 
connected neighborhood £/J of u in C such that C if(S(Crit(i?) n J(R),6 )) 
and such that 

B^t^o) C UJ C B(v,r)T j 5 ). 

For c € Crit(-R) (~l J(i?) let Vf be the connected component of R~ x {Uj') con- 
taining c and put V, = Li C £Crit(R)n J(R)Vf- Lemma 13.41 implies that for each 
j = 1, ...,£+ 1 the set Vj is a nice set and that (Vi, . . . , V^+i) is a nice nest. 

Put Vo := U ce oit(.R)nJ(.R) ^ c an d assume by induction that for an integer j > 
£+1, nice sets Vy,..., Vj-x satisfying the desired properties have been constructed, 
and such that moreover for every k = 1, . . . ,j — 1 we have R(dVk) C K(Vk-i)- We 
will now construct Vj. Lemma lo^4l applied to Vq = Vj-t-x, 8 = t j — 1 5o ) rj = r\ < 2, 
5 = t^Sq, 8' = rgT^So and 8 = t j 5o> implies that for each v E CV(R) Pi J(R) there 
is a simply-connected neighborhood UJ of i> in C such that dUJ C K(Vj-t-x) and 
such that 

B(v,t 3 S ) c [/J c B(v,r)T j 8 ). 

For c G Crit(iZ) fl J(R) let V^ be the connected component of R~ 1 (uf'" c " > ) con- 
taining c and put Vj = U ce crit(fl)n./(fl:)^ c - By induction hypothesis we have that 
R(dVj-e) C K(Vj-t-x) and by construction we have R(dVj) C K(Vj-e-i). So 
Lemma T3.4I implies that (Vj-£, Vj) is a nice couple. As by induction by hypothesis 
(Vj-e, ■ ■ ■ , Vj-i) is a nice nest, it follows that (Vj-e, ■ ■ ■ , Vj) is a nice nest. Fi- 
nally note that K(Vj-i-x) C -fT(Vj_i), so ii((3Vj) C iT(Vj_i) and the induction 
hypothesis is satisfied. □ 

7. Connecting Lemma. 

In this section we state and prove a strengthened version of the Connecting 
Lemma. The statement is in H7.ll and its proof, that depends on some key area 
estimates proved in H7.2I is in H7.3I 

Throughout all this section we fix a rational map R of degree at least 2. 

7.1. Strengthened version of the Connecting Lemma. Recall that for a con- 
stant r > we say that R is Backward Contracting with constant r, if for every 
8 > small R is (i5,r<5)-Backward Contracting. 
For zeCwe denote by oj(z) the w-limit set of z. 

Theorem D (Connecting Lemma). There are constants r > 1 and K > 1, only 
depending on R, such that if R is Backward Contracting with constant r and the 
set 

(5) {z eC \ u(z) f) (Crit(R) f) J{R)) = $} 

has positive Lebesgue measure, then for every sufficiently small 8 > the following 
properties hold. 

1. For each c 6 Crit(R) fl J{R) there is v c G C such that dist (v e , R(c)) < 8 
and such that for every n > 1 we have R n (v c ) B(Crit(R) fl J(R), 2o"). 

2. for eac/i c € C'rit(R) n J(-R) /ei w c 6e as m part 1 and Zei £ : C — > C 6e 
a ac homeomorphism that coincides with the identity outside B{Crit{R) n 
J(i?), (5) and sitc/i i/ia£ /or every c S Crit(R) n J(i?) we ftai>e £(i?(c)) = u c . 
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Then there is a rational map Q of the same degree as R and a continuous 
map h : C — > C such that the map R := £ o R : C — > C satisfies 

h o R = Q o h on C. 

3. Let R, Q and h be as in part 2. Then there is a nice set V — U C £Crit(R)nJ(R)V c 
such that for every c € Crit(R) n J(R) we have B(c, 5) C V c <Z B(c, 26) 
and such that there exists a K-qc V pseudo-conjugacy between R and Q. 

By the Fatou-Sullivan classification of connected components of the Fatou set [CGI 
IMil| . it follows that when J(R) ^ C, the set ||SJ has non empty interior, and hence 
positive Lebesgue measure. See also Corollary 18.21 Thus the Connecting Lemma 
stated in the introduction is a direct consequence of Theorem IDl 

The following corollary is a direct consequence of Theorem IDl 

Corollary of Theorem El Let R be as in Theorem\^ Then for every S > there 
is a nice set V for R contained in B(Crit(R) PI J(R), 5), such that R is V pseudo- 
conjugated to a rational map for which no critical point in its Julia set accumulates 
on a critical point under forward iteration. 

7.2. Area estimates. The purpose of this subsection is to prove the following 
proposition. 

For a subset X of C, we denote by \X\ the spherical area of X. 

Proposition 7.1. Suppose that the set JSJ has positive Lebesgue measure. Then 
for every e S (0, 1) there is m > such that the following property holds. Let 
{Vj)j>i be a nested sequence of nice sets such that for every j > 1 the sequence 
(Vj, Vj+i , Vj+2, Vj+3) is a nice nest and such that for every integer j • > 1 and every 
c e Crit(R)C\J{R) we have mod(V 7 c \V 7 c +1 ) > m. Then for every c £ Crit(R)nJ(R) 
and every sufficiently large j we have 

\Vf\K(V j+1 )\ 



\Vf 



< e. 



The rest of this subsection is dedicated to the proof of this proposition. 

Given a nice set V for R and a subset X of C of positive Lebesgue measure, put 

Moreover, for a nice set V := U ce oit(i?,)nJ(ft)^ c f° r ^ sucn that (V, V) is a nice 
couple, put 

\V C \K(V)\ 

S(V, V) = max 1 V { U and^(V,V) = l-B(V,V). 

c£Cnt(R)nJ(R) \V C \ 

Finally, given a constant D > 1 put, 

3(V, V) := iam{D 2 E{V, V), 1 - L>" 2 *(\>, V)}, and V) = 1 - E(V, V). 
Note thatjve have •),$(-,.) e [0, 1], D- 2 E{-, •) < S(-, •) < §(•, •) and L>- 2 *(-, •) < 
^(•j •) < ^(*) •)■ Let m be a positive integer and let W be a connected component 
of R~ m (V) such that R m is univalent on W and such that the distortion of R m on 
W is at most D. Then we have 

t(w,v)<E(y,v). 



A CONNECTING LEMMA FOR RATIONAL MAPS. 



27 



Lemma 7.2. Let D > 1 and let (V, V) be a nice couple for R. Moreover, let X 
be a subset of C of positive Lebesgue measure satisfying the following property: For 
every connected component W of C \ -R _1 (-ftT(y)) that intersects X we have that 
W C X and that R m w is univalent on W with distortion bounded by D . Then, 

C(X, V)<{(X, V)-E(V,V). 

Proof. Denote by (resp. the collection of connected components of C \ 
Rr\K(y)) (resp. C \ R-^KiV))). Then 

]T \W\ = \W \ K(V)\ = \W\£(W, V) < \W\ ■ E(V, V). 

we e rf,wcw 

Thus 

\X\t{X,V) = \X\K(V)\= 1^1 =_ E E J w \^ 

W£ r £,WCX w e<i ,W <ZX W ,w cw 

^ f E \W\\mV)<\X\Z(X,V).E(V,V). 
\we'i,wcx ) 

□ 

Let m > and let D(m) > 1 be the constant defined in JO| Then, if (V, V, V) 
is a m-separated nice triple for R and W is a connected component of (V \ V) \ 

R^iKiV)) (resp. (V \ V) \ R~ x {K(y))), then the map R mw is univalent on W 
and its distortion on W is at most D(m). 

Lemma 7.3. Let m > 0, let (V, V, V) be a m-separated nice triple and put 

\V C \ 



D := -D(m) and a := max 



c£Crit(R)nJ(R) \V C \ V c \ 

Then we have 

D 2 a- 1 + V(V,V) 

Proof. Given c S Crit(i?) n J(R), Lemma 17^21 applied to the nice couple (V , V) and 
to X = V c \ V~ c gives, 

Z(v c \W,v)< av c \V*,V)- S(V, V). 

Similarly, Lemma 17 . 21 applied to the nice couple (V, V) and to X = V c \ V c gives 

£(^ c \ V s , V) < \V~-,V)- 0, V) < E(V, V). 
Combining these two inequalities we get 

^V C \V^,V) <E(V,V)-S(V,V), 

and 

ip(v c \v°,v) > v) + v) - v(v, v) ■ $(v, v). 
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As V is disjoint from K (V) we have, 

\V C DK(V)\ \v c \ \v c n K(V)\ 



ip(V c \V c ,V) 

\v c \v c \ \v c \v c \ \v c \ 

Therefore, 

aD 2 ^(V,V) > aV(V,V) > min ip(V c \V°,V)> 

cGCrit(_R)nJ(i?) 

> %(v, v) + *<y, v) - ®(v, v) ■ ®(v, v), 

which easily implies the desired inequality. □ 

Proof of Proposition \7.1\ Let m > be sufficiently large so that D(m) < (1 + e)i 
and so that every annulus in C of modulus at least m intersects the Julia set of 
R (see |MRp . Taking m larger if necessary we have that, if (Vj)j>i is as in the 
statement of the proposition, then 



1^7 \ 



sup | VC | <(! + £)*• 

Note in particular that D(m) 2 cr — 1 < e and that for every j > 1 and c £ Crit(i?) n 
J(R) the annulus Vf \ Vj +l intersects the Julia set of R. 

1. We will prove that for every sufficiently large j and every c £ Crit(i?) D J(R) 
the set Vf \ K(Vj+i) has positive Lebesgue measure. 

1.1. Let us prove by induction that for every c £ Crit(i?) n J(R) and j > 1 there is 
c' £ Crit(-R) fl J(R), an integer n > and a connected component W of i? _n (V 1 c ) 
that is contained in \ and such that for every m = 1, . . . , n — 1 we have 
R m (W) n Vj = 0. When j = 1 just take d = c, n = and W = Vf. Suppose by 
induction that this property holds for some j > 1 and let c € Crit(i?) R J(R), Since 
the annulus V J C +1 \ Vf +2 intersects the Julia set of R, it follows by the eventually 
onto property of Julia sets that the set (Vf +1 \ \ is non empty. 
Let W be a connected component of this set. Then R m w' maps W univalently to 
V^ W and for every m = 1, . . . , mw — 1 the set R m (W) is disjoint from Vj + \. Let 
W be given by the induction hypothesis for j and c = c(W'), so that C ^ c \^+i- 
Then the set i? m "" (W) satisfies the desired properties. 

1.2. Note that the set is equal to the union of Uj>iif (V}) and of the iterated 
preimages of the non recurrent critical points of R. So for sufficiently large j the set 
K(Vj) has positive Lebesgue measure. It follows that for every repelling periodic 
point p of R there is a positive integer j(p) such that p £ K(Vj(p)) and such that 
the Lebesgue density of K(Vj( p )) is positive at p. As for each c £ Crit(i?) fl J(R) 
the annulus Vf \ V£ intersects the Julia set of R, there is a repelling periodic point 
p c of R contained in this set. Put jo :— rnax c6 crit(R)nJ(R) jipc) & n d let j > jo be 
given. By part 1.1 it follows that for a given c £ Crit(i?) fl J{R) there is a point 
p in Vf \ Vf +1 , an integer n > and d £ Grit(E) n J(R) such that R n (p) = p d 
and such that for every m = Q, . . . , n — 1 we have R m {p) $ Vj. As j > jo and 
p c £ K(Vj(p c )) C JC(Vj ), it follows that p £ K{Vj) and that the Lebesgue density 
of K(Vj + i) is positive at p. This proves that the set (V? \ Vf +1 ) fl K(Vj + \) has 
positive Lebesgue measure. 
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2. For j > 1 put *j = $(Vj,Vj+i) and vfj := W(Vj, Vj+i). We need to prove that 
limsupj^^ $fj > 1 — e. As < ^j, we just need to prove that limsup^oQ > 
l-e. 

Note that by hypothesis for each j > 2 the nice triple (Vj+2,Vj+i,Vj) is m- 
separated. Thus Lemma 17. 31 implies that for every j > 2 we have 

(6) ^ +1 >* J (£>(m) 2 <7-l + %)- 1 . 

By our choice of m we have D(m) 2 a — 1 < e. Since by part 1 for every suffi- 
ciently large j we have j > D^ 2 ^j > 0, the inequality © easily implies that 
Uminfj^oo &j >l — e. □ 

7.3. Proof of Theorem |UJ Note that the usual Koebe Distortion Theorem im- 
plies that for every constant m > there is D(m) > 1 such that the follow- 
ing property holds. Let U be as subset of C biholomorphic to D and such that 
diam({7) < | diam(C). Moreover, let K. be a compact subset of U such that U\K 
is an annulus of modulus at least m. Then for every map <p : U — ► C that is 
univalent on K,, the distortion of ip on K. is bounded by D(m). 

Lemma 7.4. Let (V, V , V) be a nice triple for R and put 

m := min mod(V \ V c ). 

ceCrit(R)r\J(R) 

Then for every cq £ Crit(R) fl J(-R) we /iaue, 



;C 



V \K(V) 



< |B|5(m) 2 max l y< W)l. 

c ° cGCnt(R)nJ(R) \V C \ 



Proof. Given Co £ Crit(i?)n J(i?) consider a biholomorphism y» : V — > D. For each 

connected component W of V \K(V) there is > and c(W) £ Crit(i?)n J(R) 
such that i? mw : W — » F c ( w ) is a biholomorphism whose inverse 0w extends 

55c(W) X c 

univalcntly to V .So the distortion of (p o on V is bounded by Z?(m). 
Therefore, 

\<p(W\K(V))\ < ~ 2 |y^)\AT(y)| 

Since the connected components of V \ K (V) cover V \ K (V), the assertion of 
the lemma follows. □ 

Lemma 7.5. Let r £ (0, 1) and -q £ (lj-r" 1 ) &e given. Then there are K > 1 cmd 
a positive integer I, only depending on t and R, such that the following property 
holds. Let 5q > be small and let (Vj)j>i be a nested sequence of nice sets such 
that for every j > 1 the sequence (Vj, . . . , Vj+t) is a nice nest, and such that for 
every c £ Crit(R) n J{R) we have 

B(c,T j 6 ) cVfC B{c,r,T^ ). 

Then for every sufficiently large j the nice couple (Vj, Vj+i) is K-rigid and for each 
c £ Crit(R) (~i J(R) the set Vj (~l K{Vf + i) has positive Lebesgue measure. 
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Proof. Let mo > and eq > be given by Rigidity with K — 2. Moreover let 
mi > be the constant m given by Proposition l7 . II for e := (|D|Z?(mo) 2 ) _1 eo- Let 
N be a positive integer such that if {Vj)j>i is as in the statement of the lemma, 
then for every integer j > 1 and every c € Crit(i?) fl J(R) we have 



mod(Vf \ Vf +N ) > max{m , mj. 

Put £ = 3N and notice that for every j > 1 the sequence of nice nests (Vj 0+ kN)k>o 
satisfies the hypothesis of Proposition l7.ll So for every sufficiently large j and every 
c £ Crit(-R) n J(R) we have 

(7) \Vf\K(V j+N )\<e\V?\. 

In particular, for a given c £ Crit(i?) fl J(R), Lemma \77?\ applied to the nice couple 
(Vj,Vj+N) and to X = Vf \ Vf +1 implies that the set V? fl K(Vj + \) has positive 
Lebesgue measure. 

On the other hand, J7J and Lemma lTH applied to the nice triple (Vj, Vj+isr, Vj+2n) 
imply that, 

\\V;\K(V j+2N )\\v r <e , 

So Rigidity applied to the nice triple (Vj, Vj+2N> Vj+3n) implies that the nice cou- 
ple (Vj,Vj+2N) is 2-rigid. Finally part 2 of Proposition FOl implies that for some 
constant K' > 1 only depending on r and R, the nice couple (Vj,Vj+i) is 2K'- 
rigid. □ 



Proof of Theorem\^ Put r = 23, choose r\ G (0,r _1 ) and let l§ be the integer £ 
given by Lemma tl. 51 for this choice of r. Moreover, let r = ro > be the constant 
as in Proposition 16. 61 for this choice of r, 77 and for I :— max{4, £q}. 

Suppose that R is Backward Contracting with constant r. Then, by part 2 
Proposition 16.61 there is So > and a sequence of nice sets (Vj)j>o satisfying the 
hypothesis of Lemma 17.51 So for every 8 > small there is j > 1 such that for 
every c £ Crit(i?) n J(R) we have 

B(c,5)cVf +2 cV 3 c cB(c 1 26), 

and that the nice triple (Vj, Vj+i, Vj+2) verifies the hypothesis of Theorem ICl 
Parts 2 and 3 are then direct consequences of Theorem [C] It reminds to prove 
part 1. 

To prove part 1, fix c £ Crit(i?) fl J(R). Note that we can choose j such that 
in addition we have B(Crit(i?) n J(R),2S) C Vj-2- It follows that for every point 
z £ K (Vj- 2 ) and every positive integer n, we have R n (z) ^ B(Cxit(R) fl J{R), 28). 
Thus we just need to show that there is a point v c in K(Vj-2) whose distance to 
R(c) is less than 8. If R(c) £ K(Vj~2) then we can take v c — R(c), so we assume 
that R(c) £" K(Vj-2)- Denote by W the connected component of C \ K(Vj-2) 
containing R(c). As £ > 4 it follows that (Vj-2, Vj+2) is a nice couple and therefore 
that the closure of the connected component of R _1 (W) containing c is contained in 
V j+2 . Thus W C R(Vf +2 ) C B(R(c),8). So each point in dW belongs to K(Vj- 2 ) 
and its distance to R(c) is less than 8. This completes the proof of part 1 and of 
the theorem. □ 
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8. Expanding properties of Backward Contracting rational maps. 

In this section we show that a Backward Contracting rational map has no Siegel 
discs nor Herman rings. This and other results are proved in tl8.ll using a theorem 
of Mane |Mahl 1ST] and the Corollary of Theorem D. Moreover we prove Theorem IB1 
in AO 

8.1. Expansion away of critical points. The purpose of this section is to prove 
the following result, which is a rather easy consequence of Theorem IDl 

Proposition 8.1. Let R be a rational map of degree at least 2, let r > be the 

constant given by Theorem^^ and suppose that R is Backward Contracting with con- 
stant r. If the set J5J has positive Lebesgue measure, then the following properties 
hold. 

1. R does not have irrationally indifferent cycles nor Herman rings. 

2. The set {z G J{R) \ w(z) fl Crit(R) = 0} has zero Lebesgue measure. 

3. If K C J(R) is a compact and forward invariant set disjoint from Crit(R), 
then R is expansive on K . If moreover K contains no parabolic periodic 
point of R, then R is uniformly expanding on K . 

By the Fatou-Sullivan classification of connected component of the Fatou set |CCI 
IMilj it follows that when J(R) ^ C, the set {5J has non empty interior, and hence 
positive Lebesgue measure. So the following corollary is a direct consequence of 
part 2 of the proposition. 

Corollary 8.2. Let r > be given by Theorem^^ and suppose that R is Backward 
Contracting with constant r. Then the set (|SJ) has positive Lebesgue measure if and 
only if J{R) C. 

The following corollary is a direct consequence of the previous corollary and of 
Proposition 18.11 

Corollary 8.3. Let r > be given by Theorem\^ and suppose that R is Backward 
Contracting with constant r. Then the following properties hold. 

1. R has no Siegel disks nor Herman Rings. If moreover J(R) C, then R 
has no Cremer periodic points. 

2. If J(R) 7^ C and K C J{R) is a compact and forward invariant set dis- 
joint from Crit(R), then R is expansive on K . If moreover K contains no 
parabolic periodic point of R, then R is uniformly expanding on K. 

The proof of Proposition 18 . II is at the end of this subsection. It is based on the 
following general lemma. 

Lemma 8.4. Let R and Q be rational maps of degree at least 2, let V be a nice 
set for R and let x be a V pseudo-conjugacy between R and Q. Then the following 
properties hold. 

1. If O is a periodic orbit of R that is disjoint from V , then is a periodic 
orbit of Q of the same nature as O ( repelling, attracting, parabolic, Siegel 
or Cremer.) 

2. A Siegel disk or a Herman ring of R (resp. Q) that intersects K(V) (resp. 
\(K(V))), is contained in K(V) (resp. x(K(V)).) In particular the image 
by X °f a Siegel disk or a Herman ring of R intersecting K(V), is a Siegel 
disk or a Herman ring of Q . 
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3. A point in K(V) belongs to the Fatou set of R if and only if its image by \ 
belongs to the Fatou set of Q . 

4. Let K C C be a compact set disjoint from V that is forward invariant by R. 
If Q is uniformly expanding on \{K), then R is uniformly expanding on K . 

Proof. 

1. As V is a nice set of R, it follows that dV does not contain periodic points of R 
(cf. Lemma [3.31 ) Thus the periodic orbit O is contained in the open set C \ V, 
and x conjugates R on a neighborhood of O to Q on a neighborhood of x(O). The 
dynamics on a neighborhood of a repelling, attracting, parabolic or Siegel periodic 
orbit can be easily characterized in topological terms, so the periodic orbits O and 
x(C) have the same nature. 

2. We will prove the assertion for R; the proof of the assertion for Q is analogous. 
Note that it is enough to prove that every Siegel disk and every Herman ring of R 
is disjoint from dV. 

Suppose by contradiction that there is a Siegel disk or a Herman ring 1Z of R that 
contains a point zq in dV. Let n be the period of 1Z and for zgC denote by uj n {z) 
the w-limit set of z under R n . Then for each z £ 1Z set u> n (z) is an analytic Jordan 
curve, or we have R n (z) — z and w„(z) = {z}. In both cases R n (oj n (z)) — 0J n (z) 
and R n is transitive on oj n (z). Moreover note that u> n (z) depends continuously with 
z in the Hausdorff topology. 

As V is a nice set, the forward orbit of each point in dV is disjoint from V . 
It follows that for every z G 1Z the set w„(z) is either contained in V or disjoint 
from V. Thus uj n (zo) is disjoint from V. As 1Z is open, the set u> n (zo) can be 
approximated in the Hausdorff topology by sets of the form cu n (z), with z G Kfl7. 
As for such z we have uj n {z) C 1Z fl V, we conclude that w„(zo) C V. Since Lo n {zo) 
is disjoint from V, we then have to n {zo) C dV and we get a contradiction with the 
fact that V is a nice set. 

3. We will just prove the direct implication; the proof of the reverse implication 
being analogous. 

Let p € C be in the Fatou set of R. By the Fatou-Sullivan classification of 
connected components of the Fatou set, we have the following two cases. 
Case 1. For some integer n > 1 the point R n {p) belongs to a Siegel disk or a 
Herman ring ofR. Then we have R n {p) G K{V) and part 2 implies that x(R n (p)) = 
Q n (x{p)) belongs to a Siegel disk or a Herman ring of Q. In particular x(p) belongs 
to the Fatou set of Q. 

Case 2. The forward orbit of p is asymptotic to an attracting or parabolic periodic 
orbit O of R. Then we have O C K(V) and by part 1 it follows that is an 

attracting or parabolic periodic orbit of Q. As x is a F pseudo-conjugacy, it follows 
that x(p) is asymptotic to x(C) an d that x(p) belongs to the Fatou set of Q. 

4. As Q is uniformly expanding on x(^), it follows that Q does not have critical 
points in x(AT). As x conjugates R and Q on C \ V and K C C \ V, it follows that 
R does not have critical points in K. So there is £o > such that for all w G K 
the distortion of R on B(w,£o) is bounded by some constant D > 1, close to 1. 

Since Q is uniformly expanding on x(K), there are e\ > 0, C\ > and Ai > 1 
such that for all z G x(K) the pull-back W of B(Q n (z), E\) by Q n to z is univalent 
and diam(IF) < Ci\T n . We assume e\ > small enough so that diam(x _1 (H / )) < 
eo- By the Holder property of qc homeomorphisms there are a G (0, 1) and Co > 
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be such that for all Zo,Zi € C we have 

dist(x _1 (zo),X _1 (2i)) < C dist(z ,2;i) Q , 

see Appendix IbI Suppose that e\ <C diam(x(-KX^))) and hx z S x(-^0- Since -ftT(V) 
is connected (Lemma 13. 311 . for n big there is 

w n e dB(Q n (z),e 1 /2) n X (K(V)), 

so that dist( X ~" 1 (Q n (z)),x' 1 (w n )) ~ 1. 

Consider the preimage y n of u>„ by Q™ in the connected component of Q~ n (B(Q n (z), Ei)) 
that contains z. So dist(z, y n ) < CiA^ n and therefore dist(x(^), x(Vn)) < CoCfAT/"™. 
So there is a constant C > such that |(i?")'(z)| > (^(Af-D -1 )™. Taking e smaller 
if necessary we may assume that XfD^ 1 > 1. □ 

Proof of Provosition \8 . 1\ 

1. Assume by contradiction that i? has an irrationally indifferent periodic point p 
or a Herman ring H . In the latter case choose p E i? . Let (5 > be sufficiently 
small, so that £?(Crit(i?) PI J(R), 5) is disjoint from the forward orbit of p. By the 
Corollary of Theorem [D] there is a nice set V C i?(Crit(i?) n J(R),S), a rational 
map Q without recurrent critical points in its Julia set and a V pseudo-conjugacy 
X between R and Q. Parts 1 and 2 of Lemma \8 . 41 imply that X (p) is an irrationally 
indifferent periodic point of Q or that x(p) is contained in a Siegel disk or a Herman 
ring of Q. Since Q does not have irrationally indifferent periodic points nor Herman 
rings, we get a contradiction. 

2. Is enough to prove that for every S > the set 

J(R) n K(B(Crit(R) n J(R), 6)) 

has zero Lebesgue measure. Let V C £?(Crit(i?) Ci J(R),S), Q and x be given by 
the Corollary of Theorem [D] By part 3 of Lemma 18.41 it follows that the image of 
J(R) P\K(V) by X is contained in the Julia set of Q. As Q has no recurrent critical 
points, it follows that the image of this set by x has zero Lebesgue measure. As qc 
homeomorphisms are absolutely continuous with respect to the Lebesgue measure, 
it follows that J(R) H K(V) has zero Lebesgue measure. 

3. Let 5 > be sufficiently small so that the closure of £?(Crit(i?) fl J(R),S) is 
disjoint from K. Let V C £?(Crit(i?) n J(R), 8), Q and X given by the Corollary of 
Theorem IDl Then K C K(V) and the compact set K = x{K) is forward invariant 
by Q and disjoint from the critical points of Q. Moreover, part 3 of Lemma 18.41 
implies that K is contained in the Julia set of Q. 

As Q is expansive on K (cf. |DU| ) . it follows that R is expansive on K. If K 
does not contain parabolic periodic points of R, then K does not contain parabolic 
periodic points of Q (part 1 of Lemma 18.41 ) In this case Q is uniformly expanding 
on if, so part 4 of Lemma f8 . 41 implies that R is uniformly expanding on K. □ 

8.2. Proof of Theorem [EJ Let R be a rational map of degree at least 2. Let 
r > be the constant given by Theorem El and let m > be the constant given by 
Proposition l7. ll for e = \. Taking m larger if necessary we assume that D(m) 2 < 2. 
Let r 6 (0, 1) be sufficiently small and r\ 6 (1,t _1 ) sufficiently close to I, so that 
for every c £ Crit(i?) fl J(R) and every small 6 > we have 

mod (b(c, S) \ B(c, rjTSj) > m. 



34 



J. RIVERA-LETELIER 



Let ro be a constant satisfying the hypothesis of Proposition 16.61 for these choices 
of t and r] and for £ = 3. Suppose that R is Backward Contracting with constant 
max{r, r }. 

Then part 2 of Theorem [B] is a direct consequence of Corollary 18. 21 
To prove part 1 of Theorem [BJ notice first that by part 2 of Proposition 18.11 
the set of points in C that do not accumulate on a critical point under forward 
iteration has zero Lebesgue measure. So we just have to prove that the set of 
points in J(R) that accumulate on a critical point under forward iteration has zero 
Lebesgue measure. Let So > and (Vj)j>i be the sequence of nice nests given by 
part 2 of Proposition 16.61 Clearly the sets C \ K(Vj) are decreasing with j and 
their intersection contains the set of points that accumulates on a critical point 
under forward iteration. Thus we just have to prove that the Lebesgue measure of 
C \ K(Vj) converges to as j — > oo. 

It follows by Proposition 17. II that for every c € Crit(i?) (~l J(R) and every suffi- 
ciently large j we have, 

(8) \Vf\K(V j+1 )\<l\Vf\. 

Moreover, an easy distortion estimate yields that for every j > 1 we have, 
\C\K(V j+1 )\ <D( m f |m f ^|Mj \C\K{V 3 )\. 

Since D(m) 2 < 2, inequality J5J) implies that for every sufficiently large j we have 
|C \ K(Vj+i)\ < ||C \ K(Vj)\. Thus |C \ K(Vj)\ -> as j -> oo, and the proof of 
the theorem is complete. 

Appendix A. Summability and Collet-Eckmann conditions. 

This appendix is dedicated to the proof of Theorem^] We recall the shrinking 
neighborhood technique in i jA.ll and, after some preliminary lemmas in ijA.21 we 
prove Theorem^ in flA.31 

We fix throughout this appendix a rational map R of degree at least 2. 

A.l. Shrinking neighborhoods. The proof of TheoremlAlis based on a technique 
to control the distortion of backward iterates, that was introduced by F. Przytycki 
in |EE2|, see also jCSmll IUSS21 iPTJl IBS] . This technique is called shrinking neigh- 
borhoods and it is described below. We will use the shrinking neighborhoods only 
in Lemma 1a. 21 

Fix a sequence of numbers (dj)j>o in (0, 1), such that Ilj>o(l — 4?) = \- ^ >u ^ 
D = 1 and for j > put Dj = rio^j-it 1 ~ d i)- 

Consider a critical point c 6 Crit(i?) n J{R), n > 1 and ^ G R~ n (c). Given 
r E (0, tk) (where tk > is as in ^2.3|) and j € {0, . . . , n}, let Uj (resp. U'A be the 

connected component of R~^ (B(c, Dj + \r)) (resp. R~i(B(c, Djr))) that contains 
Note that Uj c U'j. 

If for every j — 1, . . . ,n the set Uj is disjoint from Crit(i?), then Lemma [A. II 
below implies that for every v G U n we have 

(9) distil v)\(R n y(v)\ < Kd- 1 dist(c,R n (v)). 

Here the constant K only depends on /Lt max and on the constant rx > 1 as in 42.'6\ 
The following is Lemma 2.1 of GSm2 . 
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Lemma A.l. Let U C C be conformally equivalent to the unit disc B and consider 
a biholomorphism f : U — > U>. Setting £ — / _1 (0) G U , for every v G U we have 

\^-v\-\f'(v)\<2\l-f(v)\- 1 -\f(v)\. 

Proof. Put C = f(v) and notice that M{z) — maps D biholomorphically onto 



itself and is such that M(-() = and M(0) = (• Applying Theorem 1.3 of |Pq] to 

f^ 1 o M we have, 

|£ - v| = I/" 1 o M(-C) - r 1 o M(0)| < K/- 1 o M)'(0)| ' 1 



(1-ICI) 2 ' 

Then the lemma follows considering that |M'(0)|=1-|C| 2 <2(1-|£|). □ 

A. 2. Preliminary lemmas. Let v 6 CV(iZ) n J(-R) and c G Crit(E) n J(-R) be 
given. Let fc be a positive integer such that dist(i? fc (w), c) < tk (where rjf > is 
as in H2.3|l and let r > be such that R k (c) G dB(c,r). Then we will say that k 
is an univalent time for v and c, if the pull-back of the closure of B(c, r) to v by 
R k is univalent. We denote by (ki(v, c))i>\ the increasing sequence of all of the 
univalent times for v and c and for each i > 1 we denote by £i(v, c) the element of 
i?-fciO,c)^ contained in the corresponding pull-back. 

Lemma A. 2. Suppose that R satisfies the summability condition with exponent 
f3 G (0, 1]. When [3 = 1 let (rjj)j>i be such that Tjj — > oo as j oo and such that 



Vj 

■ \(R. 



^ |(i^)'0)|' 9 < °°' ^" or ewen/ v € c '^- fl ) n J (- R )- 



When f3 < 1 pui ?7j = 1, /or j ' > 1. Given a constant C > pwi, 
p(«) = C mf f dto<&{v,c) t v) \ mki (v,c) +mv)l l-e 

dist(£i(v, c),v)>8 \ J 

If C is small enough, then for every c G Crit(R) PI J{R), every n > 1 and every 
£ G R~ n (c), such that R % {£) $ B(Crit,6) for i = 0, . . . ,n — 1, the pull-back of 
B(c, Sp(5)) to £ by R n is univalent. 

Proof. Let D > be the constant such that the numbers 

(10) dj=D-r h+1 max \(R j+1 )'(v)\- , 

J J vecv(R)n.J(R) 

satisfy Ilj>o(l — ^i) ~ 3> as m * ne shrinking neighborhoods, and let K > be 
the corresponding distortion constant as in @. Given 6 > and r > 1 such that 
2<5r < rff, consider the shrinking neighborhoods with r = 2<5r; i.e. for j = 0, . . . , n 
consider the pull-backs ([/, , C/j) that contain i?" - -?^), as explained in HA. II 

Let A; G {0, . . . , n} be the least integer, if any, so that Uk H CV ^ and let 
v G CV be such that v € Uk- We assume that v G J(R), see H21 So i? fc is univalent 
on U' k and then there is i > 1 such that k — ki(v,c) and such that £ = c) G 
is the unique preimage of c by R k in 

Note that for some Co > only depending on R we have 



3(5 
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Considering (fTO)) and property of shrinking neighborhoods, this last quantity is 
at most 

Since dist(c, i? fe (w)) Mc_1 ~ |.R'(i2 fe (i;))|, for some constant C\ > we obtain 

Hist^ 111 Me-l 7ii, (9-1 5- 

< C\ (dist(C,«))— |( J R fc+1 )'(«)| — 77 fc 



(<5r) *c 
Thus 

5r > Cf" diBt^t;)!^)'^)! 1 -^!. 

By hypothesis dist(£,v) > <5, so letting C = iC-f^ in the definition of p, we have 
r > p(5). Hence, if we take r = p(5), the neighborhoods Uk avoid critical values 
and therefore the corresponding pull-back of B(c, Sp(S)) is univalent. □ 

Lemma A. 3. Let kq € (0, 1) be the constant as in the proof of part 2 of the proof 
of Provosition fK7i Given a constant Cq > set 

pi(5)=C inf ( - —f- . X ° \{R k '^ +1 )'(v)\. 

If Co is small enough, then the rational map R is Backward Contracting with func- 
tion rg ■= min{-rry0, pi}. 

Proof. Consider 5 > small enough so that r (5) > 2. We need to prove that 
for every c 6 Crit(i?) D J(R) and every sequence of pull-backs U — B(c,Sr (5)), 
Ui,...,Uf. such that U k n B(CV, 5) ^ 0, we have diam(E4) < 5. We will prove this 
assertion in the special case when for every j = 0, . . . , k— 1 we have UjDB(CV, 5) = 
0. As r (S) > 2, the general case follows by induction. 

So assume that for every j = 0, . . . , k — 1 we have Uj n B(CV, S) — 0. Consider 
the corresponding pull-backs Uj and U'! of B(c, Kq 1 Sr (S)) and -B(c , 2kq 1 Sr (S)) 
respectively, so that Uj C Uj C C/j'. Since r (S) < ^-p{S), we have by the previous 
lemma that R k : U' k ' — > 17q is univalent. 

Assume that there is w £ t/^flCV. Hence there is i > such that k — ki(v,c) and 
such that £ = c) £ is the fc-th preimage of c in U' k . Let c € Crit(i?) n J(R) 
be so that R(co) = v and let U' k+1 be the connected component of i? _1 (J7^.) that 
contains c<j. Since R k+1 is not univalent on U k+1 , the conclusion of Lemma [A. 21 
applied to a preimage z of £ by R in and with n = k + 1, is false. Therefore 

we must have £ G B(v,S). By Koebe Distortion Theorem the distortion of R k on 
is bounded by some definite constant D > 1, so there is C\ > only depending 
on i? such that, 

A < Ci diam^UU dist(0 ^ 



(M)^))^ 7 diam(J7 ) dist(c, i? fe (w)) 



So there is a constant C-2 > 0, only depending on R, such that 

-(i^(ssr |(swM 
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Since dist(£, v) < 8, taking Co equal to C2/2 we obtain a contradiction. So, U' k (~l 
CV = for this choice of Co. Therefore diam(J7fe) < S, by definition of kq. □ 



The following lemma is needed for the Collet-Eckmann case. 

Lemma A. 4. Suppose that there is a constant Co > such that for every v £ 
CV(R) (~l J(R) andk>\ we have, 

\(R k+1 )'(v)\>C . 

There there are constants C\ > and 9 E (0, 1) such that for every v E CV(R) R 
J(R), every k > 1 and every £ E R~ k (Crit(R)) we have, 

dist(£,f) > C x 9 k . 

Proof. Let M — supjj|i?'| and let C > such that for every w E C we have 
\R'(w)\ < Cdist(z,Crit(i?)). 

From \(R k+1 Y(v)\ > C it follows that \R'(R k (v))\ > C M~ k so 

dist(i? fe (w),Crit(i?)) > C- 1 C M- k . 

Hence the pull-back of B(R k (v), C- 1 C M- k ) by R k to v is disjoint from R- k (Cnt(R)). 
Since the later set contains B(v, C~ 1 CoM~ 2k ) the lemma follows with C\ = C~ 1 Cq 
and 9 = M- 2 . □ 

A 3. Proof of Theorem El 

1. Considering that ki(v,c), and hence r)kt(v,c) an d |(i2 fc "" ,c ^ +1 )'(v)|, are big when 
dist(£i(v,c),v) is small, we conclude that the function ro defined in Lemma I A. 31 is 
such that r Q (5) — > 00 as S — > 0. 

2. Let 9 E (0, 1) be given. By part 3 of Proposition 16. II is enough to prove that the 
sum Xm»i ( r (^™)) " i s finite. But this sum is bounded from above by, 

cE ( E / di S t ( ^,c) i ,) y^^) |( ^ ( , e)+lyw| _, 

i,v,c y 0"<dist(fj(t>,c),u) ^ ' 

/ fln \ -(Pc-l)/3/(l-/3) 



1 >dist(^i (-u,c),v) 



< C^ |(i? fcl( ^ c)+1 )'( t ;)r' 3 < 00. 

3. Suppose that i? satisfies the Collet-Eckmann condition. That is, there are Co > 
and A > 1 such that for every v E CV(i?) n J(R) we have \{R k )'{v)\ > C X k . 
In particular, for every (3 E (0,1), the rational map R satisfies the summability 
condition with exponent (3. Fix (3 E (0, 1) and let p and p\ be the functions defined 
in lemmas I A . 21 and I A . 31 respectively. 

By Lemma lA.41 there is Ci > and 9 E (0,1) such that dist(£j(w, c), v) > 
C 1 e ki ^ , ' c \ Therefore there is C 2 > and 7 E (0, 1) such that, 

\(R ki ^ +1 Y(v)\ > C A fc ^< c > > C 2 (dist(Ci(v,c),v))-\ 
Choose fj, E (0, 1). If dist(£i(v, c), v) < we have 

\(R k ^ v ' c)+1 y(v)\ > C 2 dist(Zi(v,c),v)-~< > C 2 8-^ 1 -^; 
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in particular Pl (S) > C C 2 ^ (1 -' l) . 
On the other hand note that 

if dist(&(«,c),u) > S 1 -^ then dist(^(v,c),v)/S > S^. 

Therefore p(S) > Cmin{C , <5~ /1 , C 2 5" 7(1 " m)(1 "^} in this case. Thus 

r ( ( 5)=min{^p( ( 5),p 1 ( ( 5)}>C 4 r«, 

where a = min{/i, 7(1 — fj,)(l — /3)} and C4 is some positive constant. 

4. If the closure of the forward orbit of each critical value does not contain critical 
points, then clearly there is C > such that R satisfies the Univalent Pull-back 
Condition with function r(S) := CS^ 1 . So, Part 4 of Theorem fXl follows from 
Proposition 10.11 

Appendix B. Quasi-conformal homeomorphisms. 

In this appendix we review some properties of quasi-conformal maps. See |LV] 
and |Ahj for references. 

B.l. Modulus of annuli. Every annulus A C C is either conformally equivalent 
to C* := C\{0} or to {z £ C | 1 < \z\ < R}, for some constant R E (1, +00]. In the 
latter case, the constant R is uniquely determined by A and then mod(A) := \n(R) 
is called the modulus of A. (Some authors call j- lni? the modulus of A; here we 
follow |LV| .) The modulus mod(A) can also be defined by, 

(11) mod(A) = ( — inf / / \\/h\ 2 dxdy 

\2n h JJ A 

where the infimum is taken over all functions h : A — ► (0, 1) of class C 1 , such that 
h(z) — > 1 as z approaches an end of A and h(z) — > as z approaches the other end 
of A. 

Consider the flat metric |^| on C, that makes C* isometric to S 1 x E. The flat 
metric on an arbitrary annulus is defined by pulling back the flat metric on C*, by 
a conformal representation of the annulus to C* or to {z £ C | 1 < \z\ < R}. 

B.2. Quasi-conformal homeomorphisms. Given a constant K > 1, we say that 
a homeomorphism \ between open subsets of C is K quasi-conformal or K-qc, if 
the following equivalent conditions hold. 

1. For every annulus A contained in the domain of \ we have 

A _1 mod(A) < mod(x(A)) < Kmod(A). 

2. The homeomorphism \ has a distributional derivative that is locally L 2 
and ||-Dxll 2 < K Jac(Dx), on a set of full Lebesgue measure. 

The constant K > 1 is called the dilatation of \- K we d° not want to specify the 
dilatation, we just say that x is quasi-conformal or qc. Note that every conformal 
homeomorphism is 1-qc. Conversely, every 1-qc homeomorphism is conformal. 

Property 1 above implies that the inverse of a K-qc homeomorphism is also a 
.K'-qc homeomorphism. For every qc homeomorphism there is a set of full Lebesgue 
measure where it is differentiable (in the usual sense) and where its derivative 
coincides with its distributional derivative. 

The following lemma can be found in |DH1| . 
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Gluing Lemma. Let U be a bounded open subset of C and let \ : C — > C be a qc 
homeomorphism. Let xa '■ U — > x{U) be a qc homeomorphism such that the map 
X ■ C — > C that is equal to x outside U and is equal to Xo on U is continuous. Then 
the following properties hold. 

1. x is a Q c homeomorphism of C. 

2. The derivatives ofx o-nd x coincide on a set of full Lebesgue in C\U. 
Qc homeomorphisms preserve sets of Lebesgue measure zero and sets of cr-finitc 

length qc removable: if x '■ U — > x{U) is a homeomorphism that is K-qc outside a 
set of cr-finite length, then x l& K-qc. 



B.3. Normalized qc maps. Let T be the collection of homeomorphisms of C or 
the collection of homeomorphisms of D. We say that an element of T is normalized 
if it fixes 3 base points in C (resp, if it fixes 0). In each case, for each element h 
of T there exist a Mobius transformation <p (fixing D in the latter case) such that 
tp o h is a normalized element of T . 

For each constant K > 1, the collection of normalized K-qc homeomorphisms 
in T is compact: Every sequence of normalized i^-qc homeomorphisms in T admits 
a subsequence that converges uniformly to a normalized K-qc homeomorphism in T . 

Lemma B.l. Let K > 1 be given and let T be one of the collections described 
above. Then the following assertions hold. 

1. Let (sk)k>i be a sequence of positive numbers converging to and let 
(Xfe)fe>i be a sequence of normalized K-qc homeomorphisms in T that con- 
verges uniformly to a homeomorphism x & n d such that Xk is conformal 
outside a set of Lebesgue measure Ek- Then x is conformal. 

2. For every e > there is 5 > such that every normalized K-qc homeomor- 
phism of C in J- that is conformal outside a set of Lebesgue measure S, is e 
close to a normalized conformal map. 

The proof of this lemma is based on the following one. 

Lemma B.2. Let A be an annulus and let x '■ A — > x{A) be a K-qc homeomor- 
phism. Let N be a subset of A such that \ is conformal on A\ TV. Then, 



where \Af\ denotes the area of Af with respect to the flat metric of A. 

Proof. For the upper bound see |LVj (6.6), p. 221. We will now prove the lower 
bound. 
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Suppose that A is the straight cylinder S 1 x (0,mod(^4)) and denote by tt the 
projection tt : A -> (0, 1) given by n(9,t) = m J( A ) ■ By (JXTJ we have, 



mod(x(A)) ~ 2tt 



^ / / ^(ttox- 1 )! 2 dxdy 



X(A) 



< -L(mod(A))- 2 / / WDx-'W 2 dxdy 



< ^-(mod{A))- 2 [ I I Jac(x~ 1 ) dxdy + {K - 1) / / Jac(x _1 ) dxdy 

27rmod(A) + (K - l)\Af\ 



2tt 



27r(mod(A)) 2 

□ 

Proof of Lemma \B.l[ 

1. For a given annulus A, the previous lemma implies that mo&(xk(A)) — > mod(A) 
as fc — » oo. We conclude that mod(x(^4)) = mod(A) and that \ preserves the 
modulus of every annulus. So \ is 1-qc, and hence conformal. 

2. If this is not true, then there is e > and a sequence of normalized K-qc 
homeomorphisms (xfc)fe>i such that Xfe is conformal outside a set of measure 4 and 
such that the distance from Xk to each normalized conformal map is at least e. 
This contradicts part 1. □ 
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